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Abstract:

The purpose of this research is to explore the properties of w-open sets and extend the concepts of interior and
closure operators through these sets. Furthermore, we define new classes of functions in topological spaces, such
as w-continuous, w-irresolute, w-open, and w-closed functions, and analyzing their characteristics and the
relationships between them.
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k-irresolute functions, for k€ {a,semi,pre}.
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Introduction

The concept of open sets has undergone significant developments since the 1960s. Levine [1] extended this
concept in 1963 by introducing semi-open sets. Later, Njastad [2] proposed a new class of generalized open sets,
termed a-open sets, which lie between open and semi-open sets. During the early 1980s, Mashhour [3] studied
preopen sets, while Abd EI-Monsef [4] introduced B-open sets. In 1996, Andrijevi¢ [5] explored the idea of b-
open sets.

In 2003, Pugh [6] introduced the definition of somewhere dense sets, while in 2022, K. Mira and M. Tarjam [7]
presented w-open sets, accompanied by some of their properties.

The generalized open sets are often defined using interior and closure operators, and their study has attracted
growing interest in the field of topology. Functions, particularly continuous ones, play a central role in
mathematics. Over the years, various generalizations of continuous functions have emerged, such as a-continuous
functions [12, 17], semi-continuity [1], pre-continuity [3], irresolute functions [11], a-irresoluteness [18], and pre-
irresoluteness [15], k-open (k-closed [12,13,16]) functions [12,14,3], for k € {«, sem, pre}.

This research aims to explore new types of functions, including w-continuous, w-irresolute, w-open, and w-closed
functions, while examining the relationships between them.

Throughout this paper, for A < X, we denote cl (A4), Int (A) for the closure, interior operator of A in X,
respectively.
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Definition 1.1. If A € X, then A is called:
1) o-open[2] if A € int(cl(int(A))).
2) semi-open [1] if A € cl(int(A)).
3) pre-open [3]ifA < int(cl(4)).
4) b-open[5]ifA < int(cl(A)) U cl(int(A)).
5) p-open[4]if A < cl(int(cl(A))).
6) somewhere dense [6] if int(cl(4)) # 0.

Definition 1.2[7]. A subset A € X is called w-open if there is a nonempty open set U suchthat U < A4, i.e.
cl(int(A)) # @. The complement of w-open is called w-closed.
Notationl1.3. We write k(7) for the class of k-open sets where x € {@, semi, pre, 3,b,s,w}, s and w refer to
somewhere dense and w-open, respectively.
Corollary 1.4[7]. In (X, 7), the following results hold:

1) A nonempty open (closed) set is w-open.

2) A nonempty semi-open set is w-open.

3) An w-open set is somewhere dense.
The following example clarifies that there is no relation among pre(t) and w(z).
Example 1.5. Let X = {1,2,3} with 7, = {X,0,{1,2}} and 7, = {X,0,{1},{2},{1,2}}. Take A = {1,3},50 A €
pre(z;) but A € w(t;) , whereas A € w(t,) but A & pre(z,).
Theorem 1.6[7]. A € X isw-closed < A < F for some a proper closed subset F.
Notation 1.7. Generally, the intersection on w(z) is not closed, and the next example explains this.
Example 1.8. let X = {1,2,3} with t = {X, @,{1},{2}, {1,2}}, and let A = {1,3}, B = {2,3}, s0 A, B€ w(7)
whereas AN B = {3} ¢ w(7) .
The collection w(7) is closed under the union and the next theorem explains this.
Theorem 1.9. w(t) forms a supra on X.
Proof. If A; € w(7), then there exists u; € T such that u; € A;, S0 Uu; SU A; and U 4; € w(T).
Definition 1.10[9, 10]. A space X is ultra-connected if the intersection of any two nonempty closed sets is
nonempty. Equivalently, X is ultra-connected if the closures of distinct points always intersect.
Definition 1.11[9]. A space X is hyper-connected if the intersection of any two nonempty open sets is nonempty.
Equivalently, X is hyper-connected if the closure of any open set is the entire space.
Definition 1.12[10]. A space X is F-connected if it is both hyper-connected and ultra-connected. So for any F-
connected space X, there is an open subset of X which is contained in all others open sets.

Theorem 1.13[7]. If X is F- connected, then w(7) forms a topology on X.
The following diagram shows the relationships between some of famous generalized open set.

non-
non- non- empty
empty empty p__ _ w-open
—P> » semi >
open a-open open
non-empty pre- non-empty b- non- somewhere
empty
open —> open —> B-open —> dense

Definition 1.14. For A € X, then:
1) The w- interior of A (for short, int,, (A)) is the largest w-open set which is contained in A.
2) The w-closure of A (for short, cl,,(A)) is the smallest w-closed set which containing A.

Corollary 1.15. For A < X , the following results hold
1) int(A4) € int,, (4)
2) Accl,(A) cclb).
Proof. It is clear, using corollary 1.4(1)
Proposition 1.16. Suppose A and B are subset of (X, 7). Then:
1) Aew() e int,(4) = A.
2) Aisw-closed & cl,(A) = A.
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3) IfA c B, thenint,(A) < int,,(B) and
cl, (A) < cl,(B).
4) int,,(A) Vint,(B) € int,,(AUB) and
int,, (A N B) < int,,(A) n int,,(B).
5 cl,(AnB)ccl,(4A)ncl,(B)and
cl,(A)ucl,(B) ccl,(AU B).
Proof. It is clear.
The equality in the parts (4) and (5) do not hold in general, and the following examples explain this.
Example 1.17. Let X = R and let T consists of all subsets of R that do not contain 0 or they have finite
complement. Let A = {1,2,3,4}, B = {0}, C = R\{0}, D = {0, 1, 2}.
1) int,(A)=A4,int,(B) =0, int,(AUB) = AUB.
2) Since cl(C) =R, so cl,(C) =R, thencl, (D) =Dandcl,(CNnD)=CnD.
Example 1.18. If X = {1,2,3,4} with t = {X,9,{1},{1,2},{3,4},{1,3,4}}, and let A = {1,4}, B = (3,4}, C =
{1} and D = {3}, then, 4, B, C and D€ € w(zt) and so
1) int,(4) = 4, int,,(B) = B and int,,(A N B) = @.
2) cl,(C)=C,cl,(D)=Dandcl,(CUD)=X.
Theorem 1.19. Every superset of w-open is also an w-open set.
Proof. For A € w(t),and A < B, thereisanopenset U in X where U € A € B, s0 B € w(t).
Theorem 1.20. For (X, T), we have:
w(t) ={Uud: Uer, AcX}
Proof. Since U U int(A) S UU A, so UU A € w(t). Let B € w(t), So there exists U € 7 such that U < B, and
B canbewrittenas BU U where U € B, thenw(z) c{UUA: Uer, AcX}

Definition 1.21. A subset A < X is called w-dense if cl,, (A) = X. We write D, (t) for the class of all w-dense set
in X.
Theorem 1.22. A € D,,(t) © AN U # @ for every nonempty U € 7.
Proof. Let A € D, (7) with A n U = @ for some nonempty U € 7,50 A € X\U and by (1.15) and (1.16) cl,,(4) =
X <€ X\U and this contradicts U # @. The other side is clear using (1.20).
Corollary 1.23. If Ny,e, U; = {a} for some a € X, then cl,,({a}) = X.
Proof. By (1.22), take A = {a}.
Theorem 1.24. A € X isw-dense & A isdense in X, i.e. D, (t) = D(1).
Proof. By (1.15), D,,(t) € D(t). Now, let A & D, (7),s0 AN U = @ forsome U € 7,50 A € X\U and cl(4) S
X\U which shows that A € D(7).
Theorem 1.25. Every clopen set in X is w-open and w-closed.
Proof. It is clear.
Corollary 1.26. The operations int,, () and cl,,() are dual to each other, that is,
1) (int, (A)° = cly, (A).
2) (cl,(A))¢ = int, (A°).

2. w-Continues Function

In this section, we define and explore the notions of w-continuous, w-irresolute, and w-open (w-closed)

functions within the framework of topological spaces. Additionally, we investigate their fundamental properties

and provide various characterizations to enhance understanding of these functions.

Definition 2.1 [8,12,1,3]. A function f : (X,7) — (Y,0) is said to be continuous (k-continuous, for k €

{a,semi, pre}) at x € X if for each V € ¢ containing f(x), there is U € t (respectively, U € k(7), for k €

{a, semi, pre}) containing x such that f(U) < V. A function f is continuous ( k- continuous ) if it is continuous

( k-continuous ) at every x € X.

Theorem 2.2 [8,12,1,3]. A function f : (X,7) — (Y,0) is

1) A continuous function if the inverse image of any open subset of Y is an open subset in X.

2)A k-continuous function, for k € {a, semi, pre}, if the image of any open subset of Y is an k-open subset of
X.

Definition 2.3. A function f: (X, 1) — (Y, 0) is called w-continuous at x if for every V' € ¢ such that f(x) € V,

there exists U € w( t) with x € U satisfying f(U) € V. A function f is w-continuous if this property holds for

all x € X.
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Proposition 2.4. Let f: (X,t) — (Y, o) be a function, then the next statements are equivalent:

1) f isaw-continuous function.

2) The preimage f~1(U) of every open subset U of Y is w-open in X.

3) The preimage f~1(F) of every closed subset F of Y is w-closed in X.
Proof. 1 = 2 Let U be an open setin Y with x € f~1(U), then f(x) € U, and there exists W € w(z) such that
x€eWand f(W)<SV,soW < f~1(V). By (1.19) f~1(V) € w(7).
2= 3 LetFbeaclosedsetinY,so U = Y\F is an open setinY, and so f~1(Y\F) is an w-open set in X. Since
FTY(Y\F) = X\f~X(F),so f~1(F) is aw-closed set in X.
3 =1 Let V be an open set in Y containing f(x), so F = Y\V is a closed set in Y with f(x) € F. By (3) U =
X\f~Y(V) € w(r) suchthat x € Uand f(U) € V.

Theorem 2.5. Every continuous function is w-continuous.

Proof. It is obvious, since T\{@} € w(7).

The converse of the aforementioned result is not universally true, as demonstrated in the following example.
Example 2.6. Let X =Y ={1,2,3,4} with 7= ={X,0,{1},{2},{1,2}} and o = {Y,0,{1,2},{3,4}}. Define a
function f: (X,t) = (Y,a) as the following: f(1) =1, f(2) = 3, f(3) =2, f(4) = 4, then f is a w-continuous,
but it is not continuous.

Theorem 2.7. f:X — Y isa w-continuous function & f(cl, (A)) S cl(f(4)).

Proof. Suppose f is a w-continuous function, so f‘1(cl(f(A))) is a w-closed set in X which contains A. Since
cl,, (4) is the smallest w-closed set in X containing A4, therefore cl,,(A) < f‘l(cl(f(A))) and so f(cl, (4)) <
cl(f(A)).

Now let, (cl,,(A)) € cl(f(A)) and let A=f~1(E)where E is a closed set in Y, then f(clw(f‘l(E))) c

cl (f(f‘l(E))) = cl(E) = E, so cl,,(f1(E)) € f'(E), and f~1(E) is w-closed set in X. Therefore f is w-
continuous.
Theorem 2.8. f:X — Y is a w-continuous function & int(f(4)) € f(int, (4)).
Proof. It is clear.
Theorem 2.9. Let f:X — Y be a w-continuous function on X, and let g: Y — Z be a continuous function on Y,
then the composition g o f is a w-continuous function on X.
Proof. Since g is continuous, so g~1(V) is an open set in Y for every open set V in Z, and since f is a w-
continuous function, so f~*(g~1(V)) = (g ° f)~*(V) is w-open in X. Therefore g o f is w-continuous on X.
Theorem 2.10 [12]. If f : X — Y is a-continuous, then it is semi-continuous.
Theorem 2.11. Every semi-continuous is w-continuous.
Proof. It is obvious, since semi(t)\{@} € w(7).
The converse of the aforementioned result is not universally true, as demonstrated in the following example.
Example 2.12. Let X ={1,2,3,4}, and let t =0 = {X, 0,{1}, {2},{1,2}{2,3}{1,2,3}}. Define a function
f:(X,7) » (X,0) as follows f(1) = f(3) =1, f(2) = f(4) = 2, then f is w-continuous. Since f~1({1}) =
{1, 3} is not semi-open in X, so f is not semi-continuous.
Definition 2.13[11]. f: X — Y iscalled an irresolute function if f~1 (V) is semi-open in X for any semi-open
setVin Y.
Definition 2.14[18, 15]. f: X — Y is called an k-irresolute function if £~ (V) is k-open in X for any x-open
setV in Y, where k € {a, pre}.
Definition 2.15. f: X — Y is called an w-irresolute function if for every w-open set VCY, the preimage
f~1 (V) isw-openin X.
Proposition 2.16. For a function f : (X,t) — (Y, o), the following statements are equivalent:

1) f iswe-irresolute.

2) ForeachV € w( o) containing f(x), there exists U € w( t) containing x such that f(U) < V.

3) The preimage of every w-closed set in Y is w-closed in X.
Proof. (1 = 2) Let V € w(o) with f(x) € V, since f is w-irresolute, so f~*(V) € w(z) and x € f~1(V). Put
U= fYV), thenx eUand f(V) € U.
(2= 3) Let E be aw-closed setinY and let x € f~'(E),soV = Y\E is an w-open setinY, and f(x) € V. Then
there exists U € w( ) containing x such that f(U) € V,so U € f~Y(Y\E) = X\f1(E) is w-open in X, and
fY(E) is w-closed in X.
(3= 1) Itis obvious.
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Theorem 2.17. f: X — Y is an w-irresolute function & f(cl,, (4)) < cl,, (f(4)), forevery A € X.
Proof. Assume that f is an w-irresolute function , since cl,,(f(A4)) is w-closed in Y containing f(4), so
f(cl,(f(A))) is w-closed in X containing 4, therefore cl,,(4) < f~*(cl,,(f(4))), and consequently,
f (el (A)) € cl, (£ (4)).
On the other side, let f(cl, (A)) < cl,, (f(4)) for any A c X, and let E be a w-closed subset of Y, then
£ (clu(FHE))) < el (F(F(E))) € el (B) = E, 50 cl,, (F~*(F)) € £~(F), and £~ (E) is w-closed set in
X. Therefore f is w-irresolute.
Theorem 2.18. f:X — Y is an w-irresolute function < following condition holds for every A € Y

cly (f 71 (A) € f7H(cly (A)).
Proof. Assume that f is w-irresolute, since f~1(cl, (A) is w-closed in X, and f~1(4) € f~1(cl,, (4), then
cly (f 71 (A)) € f7H(cly (A)).
Now let, A be a w-closed set in Y, then cl, (f7*(4)) < f~*(cL,(A)) = f71(A), s0 f~1(A) = cL, (f~1(4)),
and this shows that f is w-irresolute.
Theorem 2.19[18]. If f : X — Y isan a- irresolute function, then it is a- continuous.
Theorem 2.20. If f : X — Y isa continuous function, then it is w-irresolute.
Proof. Suppose that 4 is w-open in Y, then there is an open set in Y such that U € A, so f~1(U) is an open set in
X and f~1(U) € f~1(4), hence f~1(4) is a w-open set in X.
The converse of the above theorem is not necessarily true as illustrated by the following example.
Example 2.21. Let (R, 7) be the usual topology space, and 7* = {U U {0}: U € t}, and let (Y, o) be the sierpinski
space.i.e.Y = {0,1}and o = {Y, @, {0}}. Defined a function f: (X, ") — (Y, o) by f(x) = 0 for rational number
x and f(x) = 1 for irrational number x. Then f is w-irresolute, but it is not continuous.
Theorem 2.22. If f : X — Y an w-irresolute function, then it is w-continuous.
Proof. It is obvious, by using (1.4).
Theorem 2.23. If f : X — Y isaw- continuous function, then it is w- irresolute.
Proof. Suppose that 4 is w-open in Y, then there is an open set V in Y such that V € 4, so f~1(V) is an w-open
setin X and f~1(V) € f~1(4). By (1.19) f~1(A4) is also w-open in X and this shows that f is w-irresolute

Remark 2.24. The above results show that the concepts of w- continuity and w- irresoluteness of functions are
coincided.

Theorem 2.25. If f:X -»Y and g:Y — Z are w-irresolute functions, then the composition g o f is also w-
irresolute function.

Proof. Let E be an w-closed set in Z, since g is an w-irresolute, then g~*(E) is an w-closed set in Y and since
f is w-irresolute, so f~1(g " 1(E)) = (g o f)"1(E) is w-closed in X. Thus g o f is w-irresolute.

Theorem 2.26. If f: X — Y is an w-irresolute function, and g: Y — Z is a w-continuous function, then g o f is w-
continuous.

Proof. It is obvious.

Definition 2.27[8]. f : X — Y is called an open(closed) function if f(U) is open(closed) in Y for any open set
U of X.

Definition 2.28[12,14,3)]. f: X — Y is called an x —open (x —closed) function if f (U ) is x —open (x -closed)
in Y for any open (closed) set U in X, where x € {a, semi, pre}.

Definition 2.29. f : X — Y is called an w-open(w-closed) function if the image of any open(closed) set in X is
an w-open(w-closed) setin Y.

Theorem 2.30[12,14,3]. If f : X — Y is an open (closed) function, then it is x —open (x —closed), where x €{o,
semi , pre }
Theorem 2.31[12]. If f : X — Y isan a-open(a-closed) function, then it is semi-open (semi-closed).

Theorem 2.32. Let f : X — Y be a function between two topological spaces. The following statements hold:
1) If fis an open function, then f is w-open.
2) |If f isaclosed function, then f is w-closed.

Proof. Itis obvious, by using (1.4).

Theorem 2.33. If f: X — Y is a semi-open (semi-closed) function, then f is w-open (w-closed).
Proof. It is obvious, by using (1.4).
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Consider a specific example where the conditions for being semi-open are not met, even though the function may
still be open. This counterexample demonstrates that the converse does not hold in general.

Example 2.34 Let X = {1,2,3,4},and let7 = {X, 0,{1,2}}and 0 = {X, @, {1}, {2, 3},{1, 2, 3}, {2, 3, 4}}. Defined
a function f: (X, ) = (X,0) by f(x) = x, forall x € X. Itis clear that f is a w-open ma.

Since f({1,2}) = {1, 2}, so f is not semi-open and so it is not open.

Theorem 2.35. If f: X — Y is an open(closed) function, and g: Y — Z is an w-open(w-closed) function, then the
composition g o f is an w-open(w-closed) function.
Proof. It is obvious.

Theorem 2.36. Let f: (X, t) — (Y, 0) be a bijective w-closed function, and let U be any open subset of X such
that f~1(A) € U where A C Y, then there is an w-open set V € Y such that A € V and f~1(V) € U.
Proof. Let V = Y\ f(X\U), it is clear that V is an w-open set in Y and it satisfies the required conditions.
Theorem 2.37 Let f: (X, t) — (Y, o) be a bijective w-open function, and let F be any closed subset of X such that
f~1(A) € F where A € Y, then there exists w-closed set E in Y suchthat A € E and f~1(E) € F.
Proof. Similar to (2.36), where V = Y\ f (X\F).
Theorem 2.38. f:X — Y is an w-open function < f(int(4)) < int,,(f(A)), forany A € X.
Proof. Assume that f is w-open, since f(int(A)) € f(A) and f(int(A)) is an w-open set in Y for any A € X,
then £ (int(4)) = int,, (f(int(4))) < int,, f(A).
On the other side, let f(int(A4)) < int,, (f(A)) for any A € X, and let V be an open set in X, so f(V) =
f(int(V)) < int,, (f(V)), and this shows that (V) is w-open in Y. Therefore f is w-open.
Theorem 2.39. f:X — Y isaw-closed function < cl,, (f(A)) € f(cl(A)) forany A € X.
Proof. Assume that f is w-closed, since f(A) € f(cl(A)), so cl,, (f(A)) <€ cl,, (f(cl(A))) = f(cl(A)).
Now let, cl,, (f(A)) € f(cl(A)) for any A € X, and let F be a closed subset of X, then f(F) < cl,,(f(F)) <
f(cl(F)) = f(F), and this shows that f (F) is a w-closed set in Y. Therefore f is w-closed.
The next theorem presents the necessary and the sufficient condition for a function to be both w-open and w-
closed simultaneously.
Theorem 2.40 If f: X — Y is bijective, then f is w-open < f is w-closed.
Proof. It is obvious.
Theorem 2.41. Let g o f: X — Z be an w-open(w-closed) function, where f:X - Y and g:Y — Z. Then

1) If f is continuous and bijective, then g is w-open(w-closed).

2) If g is w-irresolute, bijective, then f is w-open (w-closed).
Proof.

1) If Visan arbitrary open setinY,so f~1(V)isopeninX,andso g o f(f~1(V)) = g(V) is w-open in Z.

This implies that g is w-open.
2) If Uisan arbitrary open setin X, so g o f(U) is w-open in Z, and so g_l(g ° f)(U)) = f(U) is w-open
in Y. This implies that f is w-open.

Conclusion

The research presents a new classification of some generalized open sets, namely w-open (w-closed) sets, and
establishes new types of functions, such as w-continuous, w-irresolute, w-open, and w-closed functions. It has
been found that there are significant relationships among these function types, demonstrating the intricate
relationships that exist when applying these new definitions. This research enhances the understanding of how
these functions interact, providing insights into their roles in topological spaces and paving the way for further
investigations in the field of topology.
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