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Abstract:  

In this paper, we define the  operator 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗], and applying this operator to the harmonic function. Using 

this operator we introduce a new class of complex-valued harmonic functions with respect to symmetric points. 

We obtain coefficient bounds, extreme points, distortion bounds, convex combinations, and inclusion results and 

closure under an integral operator for this family of harmonic univalent functions. 

 

Keywords Harmonic functions, Dziok-Srivastava operator, derivative operator, symmetric point, integral 

operator. 
 

 الملخص 

𝒟𝜆1,𝜆2,ℓ,𝑑بتعريف المؤثر قوم  ، نا البحثفي هذ
𝑚,𝑞,𝑠 [𝛼𝑖, 𝛽𝑗], التوافقية.ه  وتطبيق الدوال  باستخدام هذا المؤثر، نقدم فئة     على 

تتضمن النتائج التي توصلنا إليها حدود معاملات، جديدة من الدوال التوافقية ذات القيم المركبة المرتبطة بالنقاط المتماثلة.  

تحت المؤثر التكاملي لهذه   الانغلاق  قصوى، حدود التشوه، التراكيب المحدبة، ونتائج الاحتواء، بالإضافة إلى إثباتالنقاط  

 .الفئة من الدوال التوافقية الأحادية 

 

 ، المؤثر التفاضلي، النقاط المتماثلة، المؤثر التكاملي.Dziok-Srivastavaالدوال التوافقية، مؤثر  الكلمات المفتاحية:

 
1. Introduction 

We denote by 𝑆𝐻 the family of functions  

 𝑓 = ℎ + 𝑔, (1.1) 

that are harmonic and sense-preserving in the open unit disk 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1} for which 𝑓(0) = ℎ(0) =

𝑓𝑧(0) − 1 = 0. Thus, for 𝑓 = ℎ + 𝑔 ∈ 𝑆𝐻  we may write the analytic functions ℎ and 𝑔 in the forms  

 ℎ(𝑧) = 𝑧 + ∑∞
𝑘=2 𝑎𝑘𝑧𝑘 ,    𝑔(𝑧) = ∑∞

𝑘=1 𝑏𝑘𝑧𝑘 ,    (0 ≤ 𝑏1 < 1). (1.2) 

We call ℎ the analytic part and 𝑔 the co-analytic part of 𝑓. A necessary and sufficient condition for 𝑓 to be 

locally univalent and sense-preserving in 𝑆𝐻 is that |ℎ′(𝑧)| > |𝑔′(𝑧)| in 𝑆𝐻. See Clunie and Sheil-Small [5]. 

Hence  
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                                   𝑓(𝑧) = 𝑧 + ∑∞
𝑘=2 𝑎𝑘𝑧𝑘 + ∑∞

𝑘=1 𝑏𝑘𝑧𝑘,    (0 ≤ 𝑏1 < 1).                                                        (1.3) 

We denote 𝑆𝐻  as the subclass of 𝑆𝐻 comprising harmonic functions 𝑓 = ℎ + 𝑔 given by (1.1) of the form  

 𝑓(𝑧) = 𝑧 − ∑∞
𝑘=2 𝑎𝑘𝑧𝑘 + ∑∞

𝑘=1 𝑏𝑘𝑧𝑘 ,    (0 ≤ 𝑏1 < 1). (1.4) 

For parameters 𝛼𝑖 ∈ ℂ(𝑖 = 1, . . . , 𝑞), and 𝛽𝑗 ∈ ℂ\{0, −1, −2, . . . . }(𝑗 = 1, . . . , 𝑠), the generalized hypergeometric 

function  𝑞𝐹𝑠(𝛼1, . . . , 𝛼𝑞; 𝛽1, . . . , 𝛽𝑠; 𝑧) is defined as: 

 𝑞𝐹𝑠(𝛼1, . . . , 𝛼𝑞; 𝛽1, . . . , 𝛽𝑠; 𝑧) = ∑

∞

𝑘=0

(𝛼1)𝑘 , . . . , (𝛼𝑞)𝑘

(𝛽1)𝑘, . . . , (𝛽𝑠)𝑘

𝑧𝑘

𝑘!
, 

(𝑞 ≤ 𝑠 + 1, 𝑞, 𝑠 ∈ ℕ0 = ℕ ∪ {0}, 𝑧 ∈ 𝕌), and (𝜈)𝑘 is the Pochhammer symbol (or the shifted factorial) defined 

(in terms of the Gamma function) by  

(𝜈)𝑘 =
Γ(𝜈 + 𝑘)

Γ(𝑘)
= {

1,    𝑘 = 0, 𝜈 ∈ ℂ  \  {0}; 

𝜈(𝜈 + 1)(𝜈 + 2). . . . (𝜈 + 𝑘 − 1),  𝑘  ∈     ℕ = {1,2,3, . . . } .
 

Dziok and Srivastava [8] defined the linear operator 

 𝐻(𝛼1, . . . , 𝛼𝑞; 𝛽1, . . . , 𝛽𝑠; 𝑧)𝜙(𝑧) = 𝑧 + ∑∞
𝑘=2 Υ𝑘𝑎𝑘𝑧𝑘 , (1.5) 

Where 

 Υ𝑘 =
(𝛼1)𝑘−1,...,(𝛼𝑞)𝑘−1

(𝛽1)𝑘−1,...,(𝛽𝑠)𝑘−1(𝑘−1)!  
  , (1.6) 

for convenience we write 

𝐻(𝛼1, . . . , 𝛼𝑞; 𝛽1, . . . , 𝛽𝑠; 𝑧)𝜙(𝑧) = 𝐻𝑞,𝑠[𝛼1]𝜙(𝑧). 

Recently, the authors in [17] presented a function ℳ𝜆1,𝜆2,ℓ,𝑑
𝜇

 defined as follows  

 ℳ𝜆1,𝜆2,ℓ,𝑑
𝑚 (𝑧) = 𝑧 + ∑∞

𝑘=2 Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ)𝑧𝑘 , (1.7) 

where  

                                           Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ) = [

ℓ(1+(𝜆1+𝜆2)(𝑘−1))+𝑑

ℓ(1+𝜆2(𝑘−1))+𝑑
]

𝑚

,                                                   (1.8) 

𝑚, 𝑑 ∈ ℕ0 = {0,1,2, . . . }, 𝜆2 ≥ 𝜆1 ≥ 0, ℓ ≥ 0 , and ℓ + 𝑑 > 0.  

Utilizing the Hadamard product, the linear operator  𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗] is defined as follows 

 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝜙(𝑧) = ℳ𝜆1,𝜆2,ℓ,𝑑
𝑚 (𝑧) ∗ 𝐻𝑞,𝑠[𝛼1]𝜙(𝑧), 

then, from (1.5) and (1.7), we have  

 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝜙(𝑧) = 𝑧 + ∑∞
𝑘=2 Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑎𝑘𝑧𝑘 , (1.9) 

where Υ𝑘 and Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ) are defined in (1.6) and (1.8), respectively. 

Now, by applying the operator defined in (1.9) to the harmonic function given by (1.1), 

 we get  

 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧) = 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]ℎ(𝑧) + 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑔(𝑧). (1.10) 

We note that, the operator 𝒟𝜆1,0,1,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖, 𝛽𝑗]𝑓(𝑧) = 𝐼𝑞,𝑠,𝜆
𝑚,ℓ (𝛼1, 𝛽1)𝑓(𝑧) was studied by El-Ashwah and Aouf 

(see[9]).   
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Also, if the co-analytic part 𝑔 = 0, then 𝒟𝜆1,𝜆2,ℓ,𝑑
0,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧) = 𝒟𝜆1,𝜆2,0,1
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧) = 𝐻𝑞,𝑠[𝛼1]𝑓(𝑧) was 

studied by Dziok-Srivastava (see [8]). Also we note that  

(i) For 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1) ,𝛽𝑗 = 1(𝑗 = 1, ⋯ , 𝑠), 𝜆2 = 0 and ℓ = 1 we get the 

operator 𝐼𝑚(𝜆, ℓ) given by Cătas [4]. 

(ii) For 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1) ,𝛽𝑗 = 1(𝑗 = 1, ⋯ , 𝑠), 𝜆2 = 𝑑 = 0  

     and 𝜆1 = ℓ = 1 we get salagean operator 𝐷𝑚 (see [18] ). 

(iii) For 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1), 𝛽𝑗 = 1(𝑗 = 1, ⋯ , 𝑠) ,𝜆2 = 𝑑 = 0 and ℓ = 1 we get the 

operator 𝐷𝜆
𝑚 given by Al-Oboudi [1].  

(iv) For 𝑞 = 2, 𝑠 = 1, 𝛼1 = 𝑛 + 1, 𝛼2 = 1 and 𝛽1 = 1 we get derivative operator 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚

 given by 

Oshah and Darus [17].  

(v) For 𝑞 = 2, 𝑠 = 1, 𝛼1 = 𝛼 + 1, 𝛼2 = 1, 𝛽1 = 1 ,ℓ = 1 and 𝑑 = 0, we get derivative operator 𝐷𝜆1,𝜆2

𝑚,𝛼
 

given by Eljamal and Darus [11]. 

(vi) For 𝑞 = 2, 𝑠 = 1, 𝛼1 = 𝛿 + 1, 𝛼2 = 1, 𝛽1 = 1 and ℓ = 1 , we get derivative operator 𝐷𝜆1,𝜆2,𝛿
𝑚,𝑏

 given 

by El-Yagubi and Darus [10]. 

(vii) For 𝑞 = 2, 𝑠 = 1, 𝛼1 = 𝑛 + 1, 𝛼2 = 1, 𝛽1 = 1, 𝜆1 = 1 and 𝜆2 = 0, we get derivative operator 𝐼𝛼,𝛽
𝑚  

given by Swamy [20]. 

(viii) For 𝑞 = 𝑠 + 1, 𝜆2 = 0 and 𝜆1 = ℓ = 1, 𝑑 = 𝜆, we get derivative operator 𝐼𝜆
𝑚 given by Cho and 

Srivastava [6].  

(ix) For 𝑞 = 2, 𝑠 = 1, 𝛼1 = 𝑛 + 1, 𝛼2 = 1, 𝛽1 = 1 and 𝜆2 = 𝑑 = 0, ℓ = 1, we get derivative operator 

𝐷𝑛
𝜆 given by Darus and Al-Shaqsi [12]. 

(x) For 𝑞 = 𝑠 + 1 and 𝜆2 = 0, 𝜆1 = ℓ = 𝑑 = 1, we get derivative operator 𝐿𝑚given by Uralegaddi and 

Somanatha [21]. 

By suitably specializing the values of 𝑞, 𝑠, 𝛼𝑖(𝑖 = 1, ⋯ , 𝑞) and 𝛽𝑗(𝑗 = 1, ⋯ , 𝑠), we obtain   

    𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,2,1 [𝑛 + 1,1; 1]𝑓(𝑧) = 𝒟𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚 𝑓(𝑧) = 𝑧 + ∑∞
𝑘=2 Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑛+1)𝑘−1

(1)𝑘−1
𝑎𝑘𝑧𝑘 +

                                                                              ∑∞
𝑘=1 Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑛+1)𝑘−1

(1)𝑘−1
𝑏𝑘𝑧𝑘 , 𝑛 > −1,  

   𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,2,1 [𝑎, 1; 𝑐]𝑓(𝑧) = 𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚 [𝑎, 𝑐]𝑓(𝑧) = 𝑧 + ∑∞
𝑘=2 Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑎)𝑘−1

(𝑐)𝑘−1
𝑎𝑘𝑧𝑘 + 

                                                     ∑∞
𝑘=1 Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑎)𝑘−1

(𝑐)𝑘−1
𝑏𝑘𝑧𝑘 , (𝑎 ∈ ℝ, 𝑐 ∈ ℝ\ℤ0).  

Motivated by earlier works of [2,9,13,14,22,23]  on harmonic functions, we introduce a new class 

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) of 𝑆𝐻 that are starlike with respect to symmetric points.  

Definition 1.1 For 0 ≤ 𝛿 < 1 and 𝑧 = 𝑟𝑒𝑖𝜃 ∈ 𝕌, we let 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) a subclass of 𝑆𝐻 of the 

form 𝑓 = ℎ + 𝑔 given by (1.3) and satisfying the analytic criteria 

                                          ℜ𝑒 {
2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚,𝑞,𝑠
[𝛼𝑖,𝛽𝑗]𝑓(𝑧))′

𝑧′[𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(𝑧)−𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(−𝑧)]
} > 𝛿 ,  (1.11) 

 where 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧) is defined by (1.10) and 𝑧′ =
𝜕

𝜕𝜃
(𝑧 = 𝑟𝑒𝑖𝜃). 

Also, we let 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼1], 𝛿) = 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) ∩ 𝑆𝐻. 

By suitably specializing the values of 𝑞, 𝑠, 𝑚, 𝜆1, 𝜆2, ℓ, 𝑑, 𝛼𝑖 and 𝛽𝑗, the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) leads 

to various subclasses which were studied by various authors as follows   

 (i)    𝐻𝑆𝑆∗
0,𝑞,𝑠

(𝜆1, 0,1, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) = 𝐻𝑆𝑠∗
𝜆,ℓ,𝑚

(𝑞, 𝑠, [𝛼1, 𝛽1], 𝛾) which was studied by R.El-Ashwah et al. [9],  

 (ii)   𝐻𝑆𝑆∗
0,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) = 𝐻𝑆𝑠∗([𝛼1], 𝛾) which was studied by Murugusundaramoorthy et al. [16],  
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 (iii)   𝐻𝑆𝑆∗
𝑚,2,1

(1,0,1,0, [1,1], 𝛿) = 𝑆𝐻𝑠(𝑚, 𝛼) which were studied by AL-Khal and AlKharsani [3].  

 And, we note that   

    • 𝐻𝑆𝑆∗
𝑚,2,1

(𝜆1, 0,1, 𝑑, [1,1; 1], 𝛿) = 𝐻𝑆𝑠∗(𝜆, ℓ, 𝛿) 

 = {𝑓(𝑧) ∈ 𝐻: ℜ𝑒 (
2𝑧(𝐼𝑚(𝜆,ℓ)𝑓(𝑧))′

𝑧′[𝐼𝑚(𝜆,ℓ)𝑓(𝑧)−𝐼𝑚(𝜆,ℓ)𝑓(−𝑧)]
) > 𝛿}. 

    • 𝐻𝑆𝑆∗
𝑚,2,1

(1,0,1, 𝑑, [1,1; 1], 𝛿) = 𝐻𝑆𝑠∗
𝑚

(𝜆, 𝛿) 

 = {𝑓(𝑧) ∈ 𝐻: ℜ𝑒 (
2𝑧(𝐼𝜆

𝑚𝑓(𝑧))
′

𝑧′[𝐼𝜆
𝑚𝑓(𝑧)−𝐼𝜆

𝑚𝑓(−𝑧)]
) > 𝛿}. 

    • 𝐻𝑆𝑆∗
𝑚,2,1

(𝜆1, 𝜆2, ℓ, 𝑑, [𝑛 + 1,1; 1], 𝛿) = 𝐻𝑆𝑠∗
𝑚,𝑛

(𝜆1, 𝜆2, ℓ, 𝑑, 𝛿) 

 = {𝑓(𝑧) ∈ 𝐻: ℜ𝑒 (
2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚
𝑓(𝑧))

′

𝑧′[𝒟𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚

𝑓(𝑧)−𝒟𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚

𝑓(−𝑧)]
) > 𝛿}. 

    • 𝐻𝑆𝑆∗
𝑚,2,1

(𝜆1, 𝜆2, 1,0, [𝛼 + 1,1; 1], 𝛿) = 𝐻𝑆𝑠∗
𝑚,𝛼

(𝜆1𝜆2, 𝛿) 

 = {𝑓(𝑧) ∈ 𝐻: ℜ𝑒 (
2𝑧(𝐷𝜆1,𝜆2

𝑚,𝛼
𝑓(𝑧))

′

𝑧′[𝐷𝜆1,𝜆2

𝑚,𝛼 𝑓(𝑧)−𝐷𝜆1,𝜆2

𝑚,𝛼 𝑓(−𝑧)]
) > 𝛿}. 

    • 𝐻𝑆𝑆∗
𝑚,2,1

(𝜆1, 𝜆2, ℓ, 𝑑, [𝑎, 1; 𝑐], 𝛿) = 𝐻𝑆𝑠∗
𝑚,ℓ,𝑑

(𝜆1, 𝜆2, 𝑎, 𝑐, 𝛿) 

 = {𝑓(𝑧) ∈ 𝐻: ℜ𝑒 (
2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚 [𝑎,𝑐]𝑓(𝑧))
′

𝑧′[𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚 [𝑎,𝑐]𝑓(𝑧)−𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚 [𝑎,𝑐]𝑓(−𝑧)]
) > 𝛿}. 

 

Observe that, the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) reduce to the class 𝑆𝑠
∗(𝛿) of starlike functions concerning 

symmetric points as introduced by Sakaguchi [19] if 𝑚 = 0, 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1) ,𝛽𝑗 = 1(𝑗 =

1, ⋯ , 𝑠), and the co-analytic part of 𝑓 = ℎ + 𝑔 is identically zero (𝑔 ≡ 0). Moreover, the class 

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) reduce to the class 𝐾𝑠(𝛿) of convex functions concerning symmetric points, as 

introduced by Das and Singh [7] if 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1) ,𝛽𝑗 = 1(𝑗 = 1, ⋯ , 𝑠), 𝜆2 = 𝑑 = 0, 𝑚 =

𝜆1 = ℓ = 1 and the co-analytic part of 𝑓 = ℎ + 𝑔 is identically zero (𝑔 ≡ 0). 

This paper presents the derivation  of coefficient conditions for the classes 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿) and 

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], δ). Additionally, it establishes a representation theorem, investigates inclusion 

properties and distortion bounds, and demonstrates inclusion results as well as closure under an integral operator 

for the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿). 

2   Coefficient characterization 

Throughout this paper, unless otherwise specified, we assume 𝑞, 𝑠 ∈ ℕ, 𝑎1 = 1, 𝛼1, . . . , 𝛼𝑞 , 𝛽1, . . . , 𝛽𝑠 ∈ ℝ+ and 

0 ≤ 𝛿 < 1. We start by establishing a sufficient condition for functions 𝑓 belonging to the class 

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿).  

Theorem 2.1  Let 𝑓 = ℎ + 𝑔 be given by (1.3). Furthermore we let 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| ≤ 1, (2.1) 
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 where Υ𝑘 and Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ) are defined in (1.6) and (1.8), respectively. Then 𝑓 is sense-preserving, harmonic 

univalent in 𝕌 and and belongs to the class  𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿).  

Proof. According to the condition (1.11), we only need to show that if the inequality (2.1) holds, then  

 ℜ𝑒 {
2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚,𝑞,𝑠
[𝛼𝑖,𝛽𝑗]𝑓(𝑧))′

𝑧′[𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(𝑧)−𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(−𝑧)]
} = ℜ𝑒

𝐴(𝑧)

𝐵(𝑧)
> 𝛿, 

 where  

𝐴(𝑧) = 2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧))′  

= 2𝑧′ [𝑧 + ∑

∞

𝑘=2

𝑘Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑎𝑘𝑧𝑘 − ∑

∞

𝑘=1

𝑘Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑏𝑘𝑧𝑘], 

 and  

𝐵(𝑧) = 𝑧′[𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(𝑧) − 𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖 , 𝛽𝑗]𝑓(−𝑧)] 

 = 𝑧′[2𝑧 − ∑∞
𝑘=2 [(−1)𝑘 − 1]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑎𝑘𝑧𝑘 − ∑∞
𝑘=1 [(−1)𝑘 − 1]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑏𝑘𝑧𝑘]. 

Using the condition ℜ𝑒(𝜔(𝑧)) > 𝛿 ⇔ |1 − 𝛿 + 𝜔| > |1 + 𝛿 − 𝜔|, it is sufficient to prove that 

                           |𝐴(𝑧) + (1 − 𝛿)𝐵(𝑧)| − |𝐴(𝑧) − (1 + 𝛿)𝐵(𝑧)| > 0. (2.2) 

Substituting the expressions for 𝐴(𝑧) and 𝐵(𝑧)  from (2.1) into (2.2), we obtain 

 |2(2 − 𝛿)𝑧 + ∑∞
𝑘=2 [2𝑘 − (1 − 𝛿)((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑎𝑘𝑧𝑘 

 − ∑∞
𝑘=1 [2𝑘 + (1 − 𝛿)((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑏𝑘𝑧𝑘| 

 −|−2𝛿𝑧 + ∑∞
𝑘=2 [2𝑘 + (1 − 𝛿)((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑎𝑘𝑧𝑘 

 − ∑∞
𝑘=1 [2𝑘 − (1 + 𝛿)((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘𝑏𝑘𝑧𝑘| 

 ≥ 4(1 − 𝛿)|𝑧| − 2 ∑∞
𝑘=2 [2𝑘 + 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘||𝑧𝑘| 

 −2 ∑∞
𝑘=1 [2𝑘 − 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘||𝑧𝑘| 

 = 4(1 − 𝛿)|𝑧|[1 − ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘||𝑧|𝑘−1 

 − ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘||𝑧|𝑘−1] 

 ≥ 4(1 − 𝛿)[1 − ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

 − ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘|] 

 This final expression is non-negative by (2.1). The harmonic univalent functions  

 𝑓(𝑧) = 𝑧 + ∑∞
𝑘=2

2(1−𝛿)

[2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘
𝑋𝑘𝑧𝑘 

 + ∑∞
𝑘=1

2(1−𝛿)

[2𝑘−𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘
𝑌𝑘𝑧𝑘 . (2.3) 
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 where ∑∞
𝑘=2 |𝑋𝑘| + ∑∞

𝑘=1 |𝑌𝑘| = 1, show that the coefficient bound given by (2.1) is sharp. The functions 𝑓 of 

the form (2.3) are in 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) because  

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| = ∑∞
𝑘=2 |𝑋𝑘| + ∑∞

𝑘=1 |𝑌𝑘| = 1. 

The proof is now complete. 

By setting 𝜆2 = 0, ℓ = 1  we derive the following corollary 

Corollary 2.2  [9] Let 𝑓 = ℎ + 𝑔 be given by (1.1). Furthermore we let 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

Υ𝑘|𝑏𝑘| ≤ 1, 

 where Υ𝑘 is defined in (1.6). Then 𝑓 is sense-preserving, harmonic univalent in 𝕌 and 𝑓 ∈

𝐻𝑆𝑠∗
𝜆,ℓ,𝑚(𝑞, 𝑠, [𝛼1, 𝛽1], 𝛿).  

We proceed to prove the following theorem, which states that condition (2.1)  is also necessary for functions 𝑓 to 

belong to the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿).  

Theorem 2.3  Let 𝑓 = ℎ + 𝑔 be given by (1.4). Then 𝑓 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿) if and only if  

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| ≤ 1,   (2.4) 

where Υ𝑘 and Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ) are defined in (1.6) and (1.8), respectively. 

Proof. Since 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) ⊂ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿), Our task is limited to proving the 

the "only if" part of the theorem. To accomplish this, for functions 𝑓  of the form (1.4), we observe that the 

condition. 

 ℜ𝑒 {
2𝑧(𝒟𝜆1,𝜆2,ℓ,𝑑

𝑚,𝑞,𝑠
[𝛼𝑖,𝛽𝑗]𝑓(𝑧))′

𝑧′[𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(𝑧)−𝒟
𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖,𝛽𝑗]𝑓(−𝑧)]
} > 𝛿, 

 is equivalent to  

ℜ𝑒 {
2(1−𝛿)−∑∞

𝑘=2 [2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘𝑎𝑘𝑧𝑘−1−
𝑧

𝑧
∑∞

𝑘=1 [2𝑘−𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘𝑏𝑘𝑧
𝑘−1

2+∑∞
𝑘=2 ((−1)𝑘−1)Λ𝑑

𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘𝑎𝑘𝑧𝑘−1−
𝑧

𝑧
∑∞

𝑘=1 ((−1)𝑘−1)Λ𝑑
𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘𝑏𝑘𝑧

𝑘−1 } > 0 .         (2.5)  

The required condition (2.5) must be satisfied for all values of 𝑧 ∈ 𝕌. By selecting values of 𝑧 on the positive real 

axis where 0 ≤ 𝑧 = 𝑟 < 1, the condition must hold 

ℜ𝑒 {
2(1−𝛿)−∑∞

𝑘=2 [2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘𝑎𝑘𝑟𝑘−1−∑∞
𝑘=1 [2𝑘−𝛿((−1)𝑘−1)]Λ𝑑

𝑚,𝑘
(𝜆1,𝜆2,ℓ)Υ𝑘𝑏𝑘𝑟𝑘−1

2+∑∞
𝑘=2 ((−1)𝑘−1)Λ𝑑

𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘𝑎𝑘𝑟𝑘−1−∑∞
𝑘=1 ((−1)𝑘−1)Λ𝑑

𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑠
𝑞

𝑏𝑘𝑟𝑘−1
} > 0.      (2.6)                                                                 

 If the condition (2.4) does not hold, then the numerator in (2.5) is negative for 𝑟 sufficiently close to 1.  Hence 

there exists 𝑧0 = 𝑟0  in  (0,1) for which the quotient in (2.6) is negative. This contradicts the required condition 

for 𝑓(𝑧) ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) and so the proof of Theorem 2.3 is complete . 
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By appropriately specifying the values of 𝜆1, 𝜆2, ℓ, 𝑑, 𝑞, 𝑠, 𝛼𝑖(𝑖 = 1, ⋯ , 𝑞) and 𝛽𝑗(𝑗 = 1, ⋯ , 𝑠), the following 

corollaries are derived 

Corollary 2.4  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗
𝜆,ℓ,𝑚

(𝑞, 𝑠, [𝛼1, 𝛽1], 𝛾) if and only if  

 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

Υ𝑘|𝑏𝑘| ≤ 1 

  

Corollary 2.5  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗(𝜆, ℓ, 𝛿) if and only if  

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+ℓ+𝜆(𝑘−1)

1+ℓ
]

𝑚

|𝑏𝑘| ≤ 1. 

Corollary 2.6  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗
𝑚

(𝜆, 𝛿) if and only if  

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
[

𝑘+ℓ

1+ℓ
]

𝑚

|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
[

𝑘+ℓ

1+ℓ
]

𝑚

|𝑏𝑘| ≤ 1 

Corollary 2.7  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗
𝑚,𝑛

(𝜆1, 𝜆2, ℓ, 𝑑, 𝛿) if and only if 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑛+1)𝑘−1

(1)𝑘−1
|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑛+1)𝑘−1

(1)𝑘−1
|𝑏𝑘| ≤ 1. 

Corollary 2.8  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗
𝑚,𝛼

(𝜆1𝜆2, 𝛿) if and only if  

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+(𝜆1+𝜆2)(𝑘−1)

1+𝜆2(𝑘−1)
]

𝑚 (𝛼+1)𝑘−1

(1)𝑘−1
|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
[

1+(𝜆1+𝜆2)(𝑘−1)

1+𝜆2(𝑘−1)
]

𝑚 (𝛼+1)𝑘−1

(1)𝑘−1
|𝑏𝑘| ≤ 1. 

Corollary 2.9  For 𝑓 = ℎ + 𝑔 ∈ 𝐻𝑆𝑠∗
𝑚,ℓ,𝑑

(𝜆1, 𝜆2, 𝑎, 𝑐, 𝛿) if and only if 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑎)𝑘−1

(𝑐)𝑘−1
|𝑎𝑘| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)
(𝑎)𝑘−1

(𝑐)𝑘−1
|𝑏𝑘| ≤ 1.  

3  Extreme points and distortion theorem 

The following theorem investigates the extreme points of the convex hulls associated with the class  

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) denoted by 𝑐𝑙𝑐𝑜  𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿).  

Theorem 3.1  A function 𝑓𝑘 ∈ 𝑐𝑙𝑐𝑜  𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) if and only if 

 𝑓𝑘(𝑧) = ∑∞
𝑘=1 [𝑋𝑘ℎ𝑘(𝑧) + 𝑌𝑘𝑔𝑘(𝑧)], (3.1) 
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 where ℎ1(𝑧) = 𝑧,  

 ℎ𝑘(𝑧) = 𝑧 −
2(1−𝛿)

[2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘
𝑧𝑘 , (𝑘 ≥ 2), 

 and  

 𝑔𝑘(𝑧) = 𝑧 +
2(1−𝛿)

[2𝑘−𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘

𝑧
𝑘

, (𝑘 ≥ 1), 

 𝑋𝑘 ≥ 0, 𝑌𝑘 ≥ 0,    ∑∞
𝑘=1 (𝑋𝑘 + 𝑌𝑘) = 1. 

Particularly, the extreme points of the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿) are {ℎ𝑘} and {𝑔𝑘}.  

Proof. For the functions 𝑓𝑘(𝑧) of the form (3.1), we have 

 𝑓𝑘(𝑧) = 𝑧 − ∑∞
𝑘=2

2(1−𝛿)

[2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘

𝑋𝑘𝑧𝑘 

 + ∑∞
𝑘=1

2(1−𝛿)

[2𝑘−𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘

(𝜆1,𝜆2,ℓ)Υ𝑘
𝑌𝑘𝑧

𝑘
 

 Then, by using Theorem 2.3, we get  

∑

∞

𝑘=2

[2𝑘 + 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| + ∑

∞

𝑘=1

[2𝑘 − 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| 

 = ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘 (
2(1−𝛿)

[2𝑘+𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘

𝑋𝑘) 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘 (
2(1−𝛿)

[2𝑘−𝛿((−1)𝑘−1)]Λ𝑑
𝑚,𝑘(𝜆1,𝜆2,ℓ)Υ𝑘

𝑌𝑘) 

= ∑

∞

𝑘=2

𝑋𝑘 + ∑

∞

𝑘=1

𝑌𝑘 = 1 − 𝑋1 ≤ 1, 

 and so 𝑓𝑘 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). 

Conversely, if 𝑓𝑘 ∈ 𝑐𝑙𝑐𝑜  𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). Setting  

 𝑋𝑘 =
[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘|  (𝑘 ≥ 2), 

 and  

 𝑌𝑘 =
[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘|, 

 we then obtain  

 𝑓𝑘(𝑧) = ∑∞
𝑘=1 [𝑋𝑘ℎ𝑘(𝑧) + 𝑌𝑘𝑔𝑘(𝑧)]  𝑎𝑠𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑. 

The following theorem presents distortion bounds for functions 𝑓 in the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) 

which consequently provides a covering result for this class.  

Theorem 3.2  Let 𝑓 be defined by (1.4). Then 𝑓 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛿).      Then for |𝑧| = 𝑟 < 1, we 

have  

 |𝑓(𝑧)| ≤ (1 + |𝑏1|)𝑟 +
1

[
ℓ(1+𝜆1+𝜆2)+𝑑

ℓ(1+𝜆2)+𝑑
]
𝑚

Υ2

{
1−𝛿

2
−

1+𝛿

2
|𝑏1|} 𝑟2, 
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 and  

 |𝑓(𝑧)| ≥ (1 − |𝑏1|)𝑟 −
1

[
ℓ(1+𝜆1+𝜆2)+𝑑

ℓ(1+𝜆2)+𝑑
]
𝑚

Υ2

{
1−𝛿

2
−

1+𝛿

2
|𝑏1|} 𝑟2. 

 The result is sharp.  

Proof. We will prove the first inequality only, as the second follows a similar process and is not included here. 

Let 𝑓 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). Taking the absolute value of 𝑓 we  get the following 

|𝑓(𝑧)| ≤ (1 + |𝑏1|)𝑟 + ∑

∞

𝑘=2

(|𝑎𝑘| + |𝑏𝑘|)𝑟𝑘 ≤ (1 + |𝑏1|)𝑟 + 𝑟2 ∑

∞

𝑘=2

(|𝑎𝑘| + |𝑏𝑘| 

≤ (1 + |𝑏1|)𝑟 +
(1 − 𝛿)

[
ℓ(1 + 𝜆1 + 𝜆2) + 𝑑

ℓ(1 + 𝜆2) + 𝑑
]

𝑚

Υ2

∑

∞

𝑘=2

Λ𝑑
𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘

(1 − 𝛿)
(|𝑎𝑘| + |𝑏𝑘|)𝑟2 

= (1 + |𝑏1|)𝑟 +
(1 − 𝛿)𝑟2

[
ℓ(1 + 𝜆1 + 𝜆2) + 𝑑

ℓ(1 + 𝜆2) + 𝑑
]

𝑚

Υ2

∑

∞

𝑘=2

{
[2𝑘 + 𝛿((−1)𝑘 − 1)]

4(1 − 𝛿)
|𝑎𝑘| 

+
[2𝑘 − 𝛿((−1)𝑘 − 1)]

4(1 − 𝛿)
|𝑏𝑘|} Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘  

= (1 + |𝑏1|)𝑟 +
(1 − 𝛿)𝑟2

2 [
ℓ(1 + 𝜆1 + 𝜆2) + 𝑑

ℓ(1 + 𝜆2) + 𝑑
]

𝑚

Υ2

∑

∞

𝑘=2

{
[2𝑘 + 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
|𝑎𝑘| 

+
[2𝑘 − 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
|𝑏𝑘|} Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘  

 ≤ (1 + |𝑏1|)𝑟 +
(1−𝛿)𝑟2

2[
ℓ(1+𝜆1+𝜆2)+𝑑

ℓ(1+𝜆2)+𝑑
]
𝑚

Υ2

(1 −
1+𝛿

1−𝛿
|𝑏1|) 

 = (1 + |𝑏1|)𝑟 +
1

[
ℓ(1+𝜆1+𝜆2)+𝑑

ℓ(1+𝜆2)+𝑑
]
𝑚

Υ2

(
1−𝛿

2
−

1+𝛿

2
|𝑏1|) 𝑟2. 

 The upper bound is sharp and the equality holds when 

 𝑓(𝑧) = 𝑧 + 𝑏1𝑧 +
1

[
ℓ(1+𝜆1+𝜆2)+𝑑

ℓ(1+𝜆2)+𝑑
]
𝑚

Υ2

(
1−𝛿

2
−

1+𝛿

2
|𝑏1|) 𝑧

2
. 

 This concludes the proof of Theorem  3.2.  

4  Convolution and convex combination  

Before presenting the next theorem, it is necessary to define the convolution of two harmonic functions.. 

Let  

 𝑓(𝑧) = 𝑧 − ∑∞
𝑘=2 𝑎𝑘𝑧𝑘 + ∑∞

𝑘=1 𝑏𝑘𝑧
𝑘

, |𝑏1| < 1,   (4.1) 

 and  

 𝐹(𝑧) = 𝑧 − ∑∞
𝑘=2 𝐴𝑘𝑧𝑘 + ∑∞

𝑘=1 𝐵𝑘𝑧
𝑘

, (𝐴𝑘 ≥ 0, 𝐵𝑘 ≥ 0).   (4.2) 

 Then the convolution of two harmonic functions 𝑓 and 𝐹 given by  

 (𝑓 ∗ 𝐹)(𝑧) = 𝑓(𝑧) ∗ 𝐹(𝑧) = 𝑧 − ∑∞
𝑘=2 𝑎𝑘𝐴𝑘𝑧𝑘 + ∑∞

𝑘=1 𝑏𝑘𝐵𝑘𝑧
𝑘

. (4.3) 
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Theorem 4.1 Let 𝑓 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) and 𝐹 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖, 𝛽𝑗], 𝛾) for 0 ≤ 𝛾 ≤ 𝛿 < 1. 

Then 

 𝑓 ∗ 𝐹 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) ⊂ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛾). 

Proof. The convolution 𝑓 ∗ 𝐹 is defined by (4.3). We want to show that the coefficient of 𝑓 ∗ 𝐹 satisfy the 

condition given by Theorem 2.3 .  

For 𝐹 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛾) we have  

 0 ≤ 𝐴𝑘 ≤ 1,0 ≤ 𝐵𝑘 ≤ 1. 

 Now, for the convolution function 𝑓 ∗ 𝐹 we obtain  

 ∑∞
𝑘=2 [2𝑘 + 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘|𝐴𝑘 

 + ∑∞
𝑘=1 [2𝑘 − 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘|𝐵𝑘 

 ≤ ∑∞
𝑘=2 [2𝑘 + 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

 + ∑∞
𝑘=1 [2𝑘 − 𝛿((−1)𝑘 − 1)]Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| 

 ≤ 2(1 − 𝛿) ≤ 2(1 − 𝛾). 

 Hence, we have the desired result. 

Let us now examine the properties of the convex combination of 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). 

Define the function 𝑓𝑖(𝑧) , for 𝑖 = 1,2, ⋯, as follows  

 𝑓𝑖(𝑧) = 𝑧 − ∑∞
𝑘=2 |𝑎𝑘𝑖

|𝑧𝑘 + ∑∞
𝑘=1 |𝑏𝑘𝑖

|𝑧
𝑘

. (4.4) 

Theorem 4.2  Let the functions 𝑓𝑖(𝑧) be defined by (4.4) be in the class  

𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) for 𝑖 = 1,2, …. . Then the functions 𝜉𝑖(𝑧) defined by 

 𝜉𝑖(𝑧) = ∑∞
𝑖=1 𝜏𝑖𝑓𝑖(𝑧),    0 ≤ 𝜏𝑖 ≤ 1, (4.5) 

are also in the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿), where ∑∞
𝑖=1 𝜏𝑖 = 1. 

Proof. Based on the given definition of 𝜉𝑖(𝑧), he convex combination of 𝑓𝑖  can be expressed as follows   

 𝜉𝑖(𝑧) = 𝑧 − ∑∞
𝑘=2 (∑∞

𝑖=1 𝜏𝑖|𝑎𝑘𝑖
|)𝑧𝑘 + ∑∞

𝑘=1 (∑∞
𝑖=1 𝜏𝑖|𝑏𝑘𝑖

|)𝑧
𝑘

. 

Further, since 𝑓𝑖(𝑧) ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) for (𝑖 = 1,2, ⋯ ). Then by using Theorem 2.3, we have 

 ∑∞
𝑘=2

[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘(∑∞
𝑖=1 𝜏𝑖|𝑎𝑘𝑖

|) 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘(∑∞
𝑖=1 𝜏𝑖|𝑏𝑘𝑖

|) 

 = ∑∞
𝑖=1 𝜏𝑖  [∑∞

𝑘=2
[2𝑘+𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘𝑖
| 

 + ∑∞
𝑘=1

[2𝑘−𝛿((−1)𝑘−1)]

2(1−𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘𝑖
|] 

 ≤ ∑∞
𝑖=1 𝜏𝑖 = 1. 
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 This completes the proof of Theorem (4.2) .  

5  Integral operator 

Finally, our focus shifts to investigating the closure property of the class 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿) under the 

generalized Bernardi-Libera -Livingston integral operator 𝐼𝜇(𝑓) (see [15]), This operator is given by 

 𝐼𝜇(𝑓) = 𝐼𝜇(𝑓(𝑧)) =
𝜇+1

𝑧𝜇 ∫
𝑧

0
𝑡𝜇−1𝑓(𝑡)𝑑𝑡.     (5.1) 

Theorem 5.1  Let 𝑓(𝑧) ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). Then 𝐼𝜇(𝑓(𝑧)) ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). 

Proof.  Based on the representation of 𝐼𝜇(𝑓(𝑧)), it can be concluded that  

𝐼𝜇(𝑓(𝑧)) =
𝜇 + 1

𝑧𝜇
∫

𝑧

0

𝑡𝜇−1ℎ(𝑡) + 𝑔(𝑡)𝑑𝑡

=
𝜇 + 1

𝑧𝜇
(∫

𝑧

0

𝑡𝜇−1 (𝑡 − ∑

∞

𝑘=2

𝑎𝑘𝑡𝑘) 𝑑𝑡 + ∫
𝑧

0

𝑡𝜇−1 (∑

∞

𝑘=2

𝑏𝑘𝑡𝑘) 𝑑𝑡)

=
𝜇 + 1

𝑧𝜇
(∫

𝑧

0

𝑡𝜇𝑑𝑡 − ∑

∞

𝑘=2

𝑎𝑘 ∫
𝑧

0

𝑡𝜇+𝑘−1𝑑𝑡 + ∑

∞

𝑘=2

𝑏𝑘 ∫
𝑧

0

𝑡𝜇+𝑘−1𝑑𝑡)

= 𝑧 − ∑

∞

𝑘=2

𝐴𝑘𝑧𝑘 + ∑

∞

𝑘=1

𝐵𝑘𝑧
𝑘

,

 

where 𝐴𝑘 =
𝜇+1

𝜇+𝑘
𝑎𝑘 , 𝐵𝑘 =

𝜇+1

𝜇+𝑘
𝑏𝑘. Therefore 

∑

∞

𝑘=2

[2𝑘 + 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘

𝜇 + 1

𝜇 + 𝑘
|𝑎𝑘| 

+ ∑

∞

𝑘=1

[2𝑘 − 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘

𝜇 + 1

𝜇 + 𝑘
|𝑏𝑘| 

< ∑

∞

𝑘=2

[2𝑘 + 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑎𝑘| 

+ ∑

∞

𝑘=1

[2𝑘 − 𝛿((−1)𝑘 − 1)]

2(1 − 𝛿)
Λ𝑑

𝑚,𝑘(𝜆1, 𝜆2, ℓ)Υ𝑘|𝑏𝑘| ≤ 1. 

 Since 𝑓 ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿), therefore by Theorem 2.3 ,𝐼𝜇(𝑓(𝑧)) ∈ 𝐻𝑆𝑆∗
𝑚,𝑞,𝑠

(𝜆1, 𝜆2, ℓ, 𝑑, [𝛼𝑖 , 𝛽𝑗], 𝛿). 

Remark 1. Substituting 𝑞 = 𝑠 + 1, 𝛼𝑖 = 1(𝑖 = 1, ⋯ , 𝑠 + 1) ,𝛽𝑗 = 1(𝑗 = 1, ⋯ , 𝑠), 𝜆2 = 𝑑 = 0 and 𝜆1 = ℓ = 1  

into our findings, the results match those obtained by AL-Khal and Al-Kharsani [3]. 

Conclusion 

In conclusion, the operator has enabled the creation of a new class of symmetric, complex-valued harmonic 

functions. This research defines a class of harmonic univalent functions using the operator  𝒟𝜆1,𝜆2,ℓ,𝑑
𝑚,𝑞,𝑠

[𝛼𝑖, 𝛽𝑗]. 

presenting detailed findings on their coefficient bounds, distortion bounds, inclusion criteria, and closure 

properties under integral operators.  
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