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Abstract:

A new class of Lomax distribution has been introduced using DUS method, called the L-Lomax distribution.
Mathematical formulations with some properties of L-Lomax distribution are provided. Maximum likelihood
estimators and Bayesian estimators, corresponding to two informative priors gamma and exponential based on
complete and incomplete data, are obtained. Monte Carlo simulations for different L-Lomax generated random
samples ranging from 500 to 50000 were performed. Additionally, various informative priors such as exponential,
Weibull, gamma, beta and chi-square are used to illustrate the flexibility of the proposed distribution among other
competitive models.
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Introduction

Lomax distribution has attracted the attention of researchers over the years due to its ability to model heavy-tailed
data and its applicability in various fields such as economics, actuarial science, and engineering [1]. Recent studies
have expanded its use in survival analysis, financial risk modeling, and reliability engineering [10]. This
distribution, also called Pareto type-11 or Pearson type-VI distribution, provides a flexible framework for analyzing
failure data and life tests, making it a popular choice for statisticians and practitioners. It is also referred to as the
Pareto type-I1 or Pearson type-VI distribution, which was first introduced by [7] in his analysis of failure data. Its
probability density function (pdf) with shape parameter « > 0and scale parameter g > 0 is
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f(ta,B) =S (1+ é)‘(““) ;o t>0  af>0, (1)

with cumulative distribution function (cdf)
—-a
F(t;a,ﬁ)zl—(1+%) ;t>0  aB>0 @)

Many authors have been interested in studying the properties of Lomax distribution and estimating its unknown
parameters, for example [8] estimated the shape parameter, reliability function, and failure rate of Lomax
distribution using Bayesian method, [4] discussed the Bayesian estimates of Lomax model parameters based on
censored type-I1 samples. [6] used Bayesian method and Bayesian predictive method to estimate the unknown
shape parameter and some lifetime characteristics such as reliability function and risk function of Lomax
distribution based on censored type-1l samples [5]. Estimated the shape parameter and the failure rate of the
Lomax distribution assuming that the measurement parameter is known using censored type-11 samples and use
of gamma distribution as prior distribution.

Recently, innovative methods for parameter estimation in Lomax distribution, such as the Markov Chain Monte
Carlo (MCMC) approach and the application of machine learning models, have been explored [2]. These
advancements highlight the continuous interest in enhancing the estimation techniques for this distribution,
especially under varying sample sizes and censoring schemes. Furthermore, hybrid methods combining Bayesian
estimation with computational techniques like importance sampling are gaining momentum [9]. The application
of Lomax distribution in modern reliability frameworks, including loT-based systems and Al-driven predictive
maintenance, further demonstrates its relevance in contemporary research (Zhou et al., 2023).

In this article, the DUS method, a versatile approach proposed by [3], is utilized to introduce a novel class of the
Lomax distribution, termed the L-Lomax distribution and abbreviated as LLO(a, ). The DUS method is
particularly known for its flexibility and effectiveness in generating extended forms of existing distributions,
enabling enhanced adaptability in diverse statistical modeling scenarios. In the rest of this paper, the L-Lomax
distribution and its associated properties are elaborated in Section 2. Maximum likelihood estimation methods,
applied to both complete and incomplete data, are detailed in Section 3. Bayesian estimation techniques, similarly
based on complete and incomplete data, are discussed in Section 4. Finally, Section 5 presents Monte Carlo
simulations conducted using L-Lomax-generated data to demonstrate the flexibility and applicability of the
proposed distribution. These simulations underscore the practical utility of the L-Lomax distribution in addressing
challenges in reliability and survival analysis.

Material and methods

L-Lomax Distribution with Some Related Properties : Let f(t) and F(t) are a pdf and a cdf of any base
distribution. According to the DUS method with t>0; o, >0 the pdf can be defined as :

g®=(e-1)'f(t) O ®)
By substituting Equations (1) and (2) in equation (3), the new pdf class of L-Lomax distribution with
t>0; a,P>01is:
(o4 ty @D 1-(1+£)-a
0= (15) i)
BO=En s\ p
with cdf,

GO = (1—e)? <1 - el‘(“é)_a).

The pdf of L-Lomax distribution takes the form of the letter L, and then called the L-Lomax distribution, see
Figure 1. The cdf is increasing, and directly related with the shape parameter « when the scale parameter g is
fixed, and inversely related with the scale parameter g when shape parameter a is fixed, see Figure 2.

Row moments of L-Lomax distribution is:

u'r=(5_rf)kz;; QNG F(l-g), r=1,2,..
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The probability of failure in a certain time period is:

R (D)=e (1-e)? [e'(H%)-a-l >0, o,>0.

The survival function R(t) of L-Lomax distribution is decreasing with time t, it is directly related to the scale
parameter £ when the shape parameter «a is fixed, and inversely related with the shape parameter « when scale
parameter £is fixed, see Figure 3.

Risk rate function is the ratio of the pdf to the survival function R(?), and of the L-Lomax distribution is :

(08 t “(a+1) 1+£ “ 1
h(t)ZE (1+E) [e( ﬁ) '1] f

with cumulative risk rate,
1-(145)®
H(t)=In(e-1)-In(e B -1).

Figure 4 shows the risk function when the scale parameter £ is fixed, noted that it is an increasing and then
decreasing over the time period, whereas when the shape parameter « is fixed, the risk is a decreasing function,
see Figure 5. Therefore, L-Lomax distribution is to be a more flexible model than Lomax distribution through the
risk function.
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Figure 1 : pdf of L-Lomax distribution.
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Figure 2 : cdf of L-Lomax distribution.
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Figure 3 : Survival function of L-Lomax distribution.
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Figure 4 : Risk function of L-Lomax distribution with a fixed scale parameter (5).
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Figure 5 : Risk function of L-Lomax distribution with a fixed shape parameter (a).

Maximum likelihood Estimation :Suppose the a random variable ¢ distributed as the LLO(o,B), then the L.L.
function of (o,B) defined as

L(a,B/t):(::)e:Bn{ n [(1+%)-(a+1)]} e—2?=1{(1+%)'a}’ “

with log-likelihood function
n t) s A%
In L( o,8/t)=n-nln(e-1)+nlno-ninp-(a+1) Bi, In (1+ B) (1t B) boe
Based on Eq.(5), the non-closed form of &, Zare getting as

a=n {3 [13 (14 ) P (12}

-1

13008 bl (3]

i=

Therefore, last two equations of (&,3) will be solved numerically to obtain (&,8). Following, the fisher
information matrix is obtained as

9%InL(a,B/t)  9%InL(aB/1)

A o GLE A D
=152 LB/t  82InL(aB/0) L@p),
9adp ap?

where

P S ()

i=1
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"’2‘“;%2%2(1%) (55) {ettar e (1+3) @@}
t

-5 1) ) o)

If the experiment terminated at a specified number of failed units, say (r, r<n), then the likelihood function
is given by

(n-r)(e-1)npr B

L(t;a,B)zﬁ{ . [(1+E)-(a+1)]} . irzl{(1+%)'“}' |:1-e_(1+%”)'0!:|n-r’ "

with log-likelihood function

nel

(H-r)(E-l)“] +rine-ring-(a+1) iy In (1+ tEl) = (1+ %pl)a

+(n-r)In [1-e_(1+%)—a] (7

InL(a,f/t)=In

Based on Eq. 7 the ML estimates of (a, B) is:

a a & -aq-1 -1
a=r {20, (14T, )T (-0 T, e 1], }
1 T -1
B & -aq-1
B:? ZTi t{1+a(1-T, O o) £ T, @D 1]
i=1
where,

T,= (1+ 5) ,T,= (1+ t—r).
B B

To obtain (&,B), the last two equations of (&,B) will be solved numerically, and the elements of the Fisher
information matrix are

2 ) r .
9 L(oB/t) @B/t) . Z (nT)2T;* +(n-r)T, %™ [1-e'T“_u]_1 (InT,)?T,™ [1-Tr'°‘ (1+ (eT“_a-l)-l)]

da? a?
i=1

9*InL(aB/t) r

o F+i <B‘*t_T> {(aﬂ'%‘) 52) Ta_zl}

i=1

at e at+ 1)t
at.(n-r) <T ] <(1-e-Tri'“) -1) + ( Tr) r '23)
r

+ - -
B4Tra+1 (1-e'Tfi )eTri
PnL@B/) _ 1ym & ( (Odn(Ti)ﬂ)) t(n-1) a(InT,)
dadp N B2 i=1 T 1+ T BzTr(x+1(eTri-0(_1) 1 Tra(l-e'Tri-a) +(X(1nTr) .
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Bayesian Estimation In case of complete data (unknown . ): Under Eq. 4 B is known and assume the prior
of a is gamma (a,b), i.e., m(a)xga-1e®® with a,a,b>0, then the posterior density function of o is:
n+a-1 (a+1) n )™
e [H l oo Ziaf(14) |
(Ble-D))"

and for the exponential prior, i.e., (a)oche™®® with o,b>0, the posterior density function of o is:

n n \ -(a+1) n A%
SRR LIC [H (1+%) 1} oo 2 (1+)

D@ (L]
Bayesian Estimation In case of incomplete data (known ) : Under Eq. 6 § is known and gamma prior of «,

the posterior density function is:

m(a/t)x

n (@t <1 ) ) [ <1+§)‘““) e Zaf(1+f]) )

1
(n-r)(e-D"(B)"

and for exponential prior, the posterior density function is:

bn (a)" =)\ - t @D n-ba S {143 “
n(a/t)“WDn(B)r(l e( ) ) D[<1+E) ]e {( B) }

Therefore, the Bayesian estimator of the parameter a can be obtained as follows
axE(a/t)= fa an(a/t)da,
numerical simulation to evaluate the value of & is used.

Bayesian Estimation In case of complete data (unknown B): Under Eq. 4 « is known and assume the prior of
B is gamma (a,b) distribution, i.e., m(B)xp>1e? with B,a,b>0, then the posterior density function of B is:

nn-bf

- n -(a+1) n +H -a
s (I
i=1

and for the exponential prior, i.e., m(B)xbe™? with B,a,b>0, then the posterior density function of B is:

alenbB (a LY n 5\
B/ (e h B[ﬂ[ (143 ' ]} o Tf() .

Bayesian Estimation In case of incomplete data (known B): Under Eq. 6 o is known and gamma prior of 8, the
posterior density function of f is:

h (@" ( {4 ))( i;l(1+%)'(“+1)>e“'bﬁ'ffﬂ{(“%)'u}

CRICHIOES :

m(B/t)x

and for the exponential prior, i.e., m(B)xbe? with B,a,b>0, then the posterior density function of f is:

bn ()" <1-e'(1+%)-a) < r (1+ %>'(a+l)) &b Eiaf(1+) ]

(n-r)(e-D"(B)"

m(B/t)x
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Therefore, the Bayesian estimator of the parameter B can be obtained as follows

BE(B/0)= [, B(B/t) dB,

numerical simulation to evaluate the value of { is used.

Results and discussion

Life data from the L-Lomax distribution is generated using Math-Cad software for getting L-Lomax parameter
estimations with some properties by applying non-Bayesian and Bayesian approach based on complete and
incomplete data. Starting with the two Markov chains (a0=ﬁ0=0.5), the summary of the sampling results

concerning the unknown parameters (a, §) for non-Bayesian complete and incomplete data are displayed in
Tables 1 to 4. The Monte Carlo simulations for different random samples ranging from 500 to 40000 for each
Markov chain are running, and the accuracy of the estimators is calculated in terms of Monte Carlo standard error
(MC error) of the mean according to (Spiegelhalter et al., 2003).

Table 1 Non-Bayesian estimation of scale parameter g in case of complete data.

Init. Val. mean sd MC error 2.5% median 97.5% sample
0.5060 0.2827 0.014750 0.01737 0.5072 0.9743 500
0.5076 0.2899 0.009305 0.01905 0.5072 0.9783 1000
4 = 0.5 0.5011 0.2897 0.006441 0.02169 0.5006 0.9772 2000
o =0.

0.5023 0.2907 0.002753 0.0215 0.5032 0.9755 10000
0.5006 0.2902 0.001995 0.02324 0.5006 0.9757 20000
0.4999 0.2892 0.001501 0.02451 0.4989 0.9747 40000

Table 2 Non-Bayesian estimation of shape parameter « in case of complete data.

Init. Val. mean sd MC error 2.5% median 97.5% sample

B,=0.5 0.4981 0.2797 0.012390 0.04474 0.5037 0.97 500
0.4960 0.2901 0.009272 0.01878 0.4975 0.9738 1000
0.5012 0.2886 0.007272 0.02461 0.506 0.9751 2000
0.5023 0.2898 0.003021 0.02361 0.5045 0.9764 5000

0.5002 0.2891 0.001975 0.02386 0.4987 0.9747 10000
0.5014 0.2898 0.001340 0.02471 0.5001 0.9757 20000

Table 3 Non-Bayesian estimation of scale parameter gin case of incomplete data (r = 3).
Init. Val. mean sd MC error 2.5% median 97.5% sample
a, =05 0.5062 0.2801 0.010810 0.01912 0.5061 0.9743 500

0.5076 0.2899 0.009305 0.01905 0.5072 0.9783 1000
0.5011 0.2897 0.006441 0.02169 0.5006 0.9772 2000
0.5006 0.2907 0.003883 0.02114 0.5036 0.9783 5000
0.5023 0.2907 0.002753 0.0215 0.5032 0.9755 10000
.50060 0.2902 0.001995 0.02324 0.5006 0.9757 20000

Table 4 Non-Bayesian estimation of shape parameter « in case of incomplete data (r = 3).

Init. Val. mean sd MC error 2.5% median 97.5% sample

B, =05 0.5026 0.2867 0.013360 0.02515 0.506 0.9715 500
0.4960 0.2901 0.009272 0.01878 0.4975 0.9738 1000
0.5012 0.2886 0.007272 0.02461 0.506 0.9751 2000
0.5058 0.2894 0.004286 0.02395 0.5059 0.976 5000

0.5023 0.2898 0.003021 0.02361 0.5045 0.9764 10000
0.5002 0.2891 0.001975 0.02386 0.4987 0.9747 20000

For Bayesian estimation, Assume that the experiment is terminated at a specified number of failure units (r = 5)
where (n = 15). starting with the Markov chain with initial values (&, = 0.5, 8, = 0.25) in case of complete
data and (ay = 0.75, B, = 0.75) in case of incomplete data.

case | : assume the value of the parameter g is known with various priors of the parameter a.

case Il : assume the value of the parameter « is known with various priors of the parameter 3.

The iterations are run 50000 for each Markov chain, and the posterior mean, median and standard deviation with
a 95% posterior credible interval are displayed in Tables 5 to 8.
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Table 5 Bayesian estimation of shape parameter « in case of complete data (case I).

Prior mean sd MC error 2.5% median 97.5% iteration
Weibull(2,2) 0.6263  0.329 0.001441 0.1112 0.5893 1.367 50000
Beta(0.5,0.5) 0.4986 0.3543  0.001574  0.001499 0.495 0.9985 50000

Exp(2) 0.5005 0.5026  0.002252 0.01236 0.3473 1.867 50000

Chisqr(0.5) 0.495 0.9878  0.004455  5.033E-7  0.0867 3.423 50000
Gamma(0.5,0.5) 0.9919  1.401 0.006158  9.197E-4  0.4473 4.998 50000

Table 6 Bayesian estimation of scale parameter £ in case of complete data (case Il).

Prior mean sd MC error 2.5% median  97.5% iteration
Beta(2,3) 0.4001 0.2 8.684E-4 0.06875 0.3864 0.806 50000
Exp(3) 0.3336 0.335 0.001501  0.008237 0.2315 1.245 50000
Weibull(1.5,1.5) 0.6887 0.4698  0.002068 0.06474 0.5985 1.837 50000
Gamma(2,3) 0.6667 0.4688  0.002133 0.08324 0.5615 1.849 50000
Chisgr(2.5) 2,512 2.255 0.01037 0.1192 1.876 8.461 50000

Table 7. Bayesian estimation of shape parameter a in case of incomplete data
with (n = 15,r = 5) (case I).

Prior mean sd MC error 2.5% median  97.5% iteration
Weibull(2,2) 0.6263 0.329 0.001441 0.1112 0.5893 1.367 50000

Exp(3) 0.3336 0.335 0.001501  0.008237 0.2315 1.245 50000
Beta(0.5,0.5) 0.4986 0.3543  0.001574 0.001499  0.495 0.9985 50000
Chisqr(0.5) 0.495 0.9878  0.004455 5.033E-7 0.0867 3.423 50000

Gamma(0.5,0.5) 0.9919 1.401 0.006158 9.197E-4 0.4473  4.998 50000

Table 8. Bayesian estimation of scale parameter £ in case of incomplete data
with (n = 15,r = 5) (case II).

Prior mean sd MC error 2.5% median  97.5% iteration
Beta(4,4) 0.5001 0.1661  7.196E-4 0.1863 0.4998 0.8148 50000
Weibull(3,4) 0.5621 0.2054  8.982E-4 0.1835 0.5579 0.9774 50000
Exp(4) 0.2502 0.2513 0.001126 0.006178 0.1737 0.9337 50000
Gamma(4,4) 0.9975 0.499 0.002342 0.2769 09154 2.191 50000
Chisqgr(1) 0.9919 1.401 0.006158 9.197E-4 0.4473  4.998 50000

From Tables 3 and 4, it is observed the MC error for each node is less than 5% of the sample standard deviation.
In case of complete and incomplete data, Bayes estimator corresponding to Weibull prior represent the best Bayes
estimator of the parameter aas well as Bayes estimator corresponding to Beta prior represent the best Bayes

estimator of the parameter Scomparing to other Bayes estimators. The shape of the posterior densities of a and
Bcan be shown from Figures 6 and 7.
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Figure 6: Kernel density with various prior densities in case of complete data.
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Case I: Kernel density Case II: Kernel density
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Figure 7: Kernel density with various prior densities in case of incomplete data.
Conclusion

L-Lomax distribution is introduced in this paper using DUS method proposed by [3]. Row moments, probability
of failure, risk rate function and cumulative risk rate are provided. The survival function of the L-Lomax is
decreasing with time t, and it is directly related to the scale parameter 8 when the shape parameter « is fixed, and
inversely related with the shape parameter a« when the scale parameter 8 is fixed. Also, it is noticed, the risk
function when the scale parameter g is fixed is an increasing and then decreasing over the time period, whereas
when the shape parameter a is fixed, it is a decreasing function. Therefore, L-Lomax distribution is to be a more
flexible model than Lomax distribution through the risk rate function. Maximum likelihood and Bayesian
estimation based on complete and incomplete data are provided. Monte Carlo simulations with L-Lomax
generated data ranging from 500 to 50000 are running. The results show the MC error for each parameter is less
than 5%, and its decreasing as the sample size increases. As well as, various informative priors (exponential,
Weibull, gamma, beta and chi-square) are used, Bayes estimator corresponding to Weibull prior represents the
best Bayes estimator of the parameter « and Bayes estimator corresponding to Beta prior represents the best
Bayes estimator of the parameter fcomparing to other Bayes estimators.
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