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Abstract:  

Harmonic univalent functions constitute an essential branch of  the theory of  geometric functions, extending the 

classical theory of analytic functions. Recent studies have focused on constructing new  subclasses of harmonic 

mappings through operator-based approaches, which allow a systematic analysis of their geometric behavior. In 

this work, we obtain sufficient criteria of the harmonic function classes  𝒮𝐻
𝑘(m, 𝛿, β, λ, 𝛼) and 𝒞𝐻

𝑘(m, 𝛿, β, λ, 𝛼) 

corresponding to starlike and convex harmonic mappings associated with 𝑘-symmetric points. Moreover, 

necessary  conditions characterizing the membership of a function 𝑓 in the subclasses  𝒯𝑆𝐻
𝑘(m, 𝛿, β, λ, 𝛼) and 

𝒯𝐶𝐻
𝑘(m, 𝛿, β, λ, 𝛼)  are established. Finally, explicit growth inequalities are obtained for functions in 

𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼). 

 

Keywords: harmonic functions, derivative operator, starlike harmonic functions, convex harmonic functions, 

 k-symmetric points. 

 الملخص 

اداً طبيعيًا للنظرية الكلاسيكية تعُد الدوال التوافقية أحادية التكافؤ فرعًا أساسيًا من نظرية الدوال الهندسية، حيث تمثل امتد

التحليلية الللدوال  التوافقية من خلال مناهج تعتمد على    دراسات. وقد ركزت  التطبيقات  الحديثة على بناء فئات جديدة من 

ئات المختلفة من  كافية للف  شروطً تم التوصل إلى  ،  عملفي هذا ال  .المؤثرات، مما يسمح بدراسة منهجية لخواصها الهندسية

𝒮𝐻   ةالدوال التوافقي
𝑘(m, 𝛿, β, λ, 𝛼)   و  𝒞𝐻

𝑘(m, 𝛿, β, λ, 𝛼)   لمرتبطة بنقاط  النجمية والمحدبة ابلة للتطبيقات التوافقية  لمقاا

الرتبة من  توافقية  و  .  𝑘  متناظرة  دالة  انتماء  تميّز  ضرورية  شروط  إثبات  يتم  ذلك،  على  الجزئيتين  علاوة  الفئتين   إلى 

𝒯𝑆𝐻
𝑘(m, 𝛿, β, λ, 𝛼)    و  𝒯𝐶𝐻

𝑘(m, 𝛿, β, λ, 𝛼)    .  صريحة للدوال التي تنتمي إلى الفئة وأخيرًا، نحصل على متباينات نمو   

𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) . 

 

النجمية، الدوال التوافقية المحدبة، النقاط المتناظرة من  الدوال التوافقية    ،ر التفاضلالتوافقية، مؤثلدوال  ا  الكلمات المفتاحية:

 . 𝑘 الرتبة

Introduction 

Let 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1} be the open unit disk and let 𝒮𝐻 denote the class of all complex valued, harmonic, sense-

preserving, univalent functions 𝑓 in 𝕌 normalized by 𝑓(0) = ℎ(0) = 𝑓′(0) − 1 = 0 and expressed as 𝑓(𝑧) =

ℎ(𝑧) + 𝑔(𝑧) where ℎ and 𝑔 belong to the class 𝒜 of all analytic functions in 𝕌 take the form 

 

 ℎ(𝑧) = 𝑧 + ∑∞
𝑛=2 𝑎𝑛𝑧𝑛,        𝑎𝑛𝑑        𝑔(𝑧) = ∑∞

𝑛=1 𝑏𝑛𝑧𝑛.   (1.1) 

 

As shown by Clunie and Sheil-Small [3], compactness does not hold for the class 𝒮𝐻, and local univalence with 

preservation of sense in any simply connected domain 𝕌 occurs whenever |ℎ′(𝑧)| > |𝑔′(𝑧)|. 

https://aaasjournals.com/index.php/ajapas/index
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the subclasses 𝒮𝐻
∗ (𝛼) and 𝒞𝐻(𝛼) of 𝒮𝐻  correspond to  starlike and convex harmonic functions of order 𝛼 (0 ≤ 𝛼 <

1), respectively, as introduced by Jahangiri [7]. Analytically, we have  

 

 𝑓 ∈ 𝒮𝐻
∗ (𝛼)     ⇔ Im{

𝜕

𝜕𝜃
𝑓(𝑟𝑒𝑖𝜃)

𝑓(𝑟𝑒𝑖𝜃)
} = Re{

𝑧ℎ′(𝑧)−𝑧𝑔′(𝑧)

ℎ(𝑧)+𝑔(𝑧)
} > 𝛼, (1.2) 

 

for 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝑟 ≤ 1, 0 ≤ 𝛼 < 1 and 𝑧 ∈ 𝕌. 

 𝑓 ∈ 𝐶ℋ     ⇔ Im{
𝜕

𝜕𝜃
(

𝜕

𝜕𝜃
𝑓(𝑟𝑒𝑖𝜃))

𝜕

𝜕𝜃
𝑓(𝑟𝑒𝑖𝜃)

} 

 

                      = Re{
𝑧ℎ′′(𝑧)+ℎ′(𝑧)−𝑧𝑔′′(𝑧)+𝑔′(𝑧)

ℎ′(𝑧)−𝑔′(𝑧)
} > 𝛼,    (1.3) 

 

for 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝑟 ≤ 1, 0 ≤ 𝛼 < 1 and 𝑧 ∈ 𝕌. 
 

A generalized operator of differentiation for 𝑓 ∈ 𝒜 was defined by Darus and Ibrahim [4] and is represented by 

𝒟𝛿,𝛽,ʎ
𝑚   as follows: 

 

                               𝒟𝛿,𝛽,ʎ
𝑚 𝑓(𝑧) = 𝑧 + ∑∞

𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 𝑎𝑛𝑧𝑛 ,                                      (1.4) 

 

where  𝛽 > 0, λ > 0, 𝛿 ≥ 0, 𝛿 ≠ λ, and  𝑚 ∈ ℕ0. 
 

According to Sakaguchi [9], the class 𝑆𝑆
∗ contains all functions 𝑓 ∈ 𝒜   that are starlike with respect to symmetric 

points and verify the following inequality   :  

 

 Re{
𝑧𝑓′(𝑧)

𝑓(𝑧)−𝑓(−𝑧)
} > 0,                (𝑧 ∈ 𝕌). (1.5) 

  

The Sakaguchi class and its subclasses have been studied by different authors. Chand and Singh [2] investigated 

the class 𝑆𝑆
∗(𝑘)

, consisting of functions that are starlike with respect to 𝑘-symmetric points and satisfy the 

following:    

 Re{
𝑧𝑓′(𝑧)

𝑓𝑘(𝑧)
} > 0,                (𝑧 ∈ 𝕌), (1.6) 

where 

 

 𝑓𝑘(𝑧) =
1

𝑘
∑𝑘−1

𝜈=0 𝜀−𝜈𝑓(𝜀𝜈𝑧),        (𝑘 ≥ 1;  𝜀 = exp(2𝜋𝑖/𝑘)). (1.7) 

 

According to the definition of  𝑓𝑘 , we have 

 

 𝑓𝑘(𝑧) =
1

𝑘
∑𝑘−1

𝜈=0 𝜀−𝜈𝑓(𝜀𝜈𝑧) 

 

                                        =
1

𝑘
∑𝑘−1

𝜈=0 𝜀−𝜈[𝜀𝜈𝑧 + ∑∞
𝑛=2 𝑎𝑛(𝜀𝜈𝑧)𝑛]  

 

           = 𝑧 + ∑∞
𝑛=2 𝑎𝑛Φ𝑛𝑧𝑛 ,                                                                                                 (1.8) 

 

for 𝑘 ≥ 1, 𝜀 = exp(2𝜋𝑖/𝑘), 𝑧 ∈ 𝕌 and Φ𝑛 given by: 

 

 Φ𝑛 =
1

𝑘
∑𝑘−1

𝜈=0 𝜀(𝑛−1)𝜈 = {
0,   𝑛 ≠ 𝑙𝑘 + 1,
1, 𝑛 = 𝑙𝑘 + 1.

                                                                                                   (1.9) 

 

Note that 𝑆𝑆
∗(2)

≡ 𝑆𝑆
∗. 

  

Now, let 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) symbolizes the class of complex-valued, sense-preserving, harmonic univalent 

functions 𝑓 = ℎ + 𝑔 of the form (1.1), which satisfy the condition: 

 

 Im{
𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓(𝑟𝑒𝑖𝜃)

𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)

} ≥ 𝛼        (𝑧 = 𝑟𝑒𝑖𝜃 , 𝑧 ∈ 𝕌). (1.10) 
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Where 𝑧 = 𝑟𝑒𝑖𝜃 , 0 ≤ 𝜃 < 2𝜋, 0 ≤ 𝑟 < 1,   0 ≤ 𝛼 < 1, 𝛽 > 0, λ > 0, 𝛿 ≥ 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0, 𝑓𝑘(𝑧) = ℎ𝑘 + 𝑔𝑘,  

𝑘 ≥ 1 and ℎ𝑘 , 𝑔𝑘 defined as 

 

        ℎ𝑘(𝑧) = 𝑧 + ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑎𝑛Φ𝑛𝑧𝑛 ,  

 

        𝑔𝑘(𝑧) = ∑∞
𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑏𝑛Φ𝑛𝑧𝑛    |𝑏1| < 1,   (1.11) 

 

where Φ𝑛 given by (1.9). 
 

Furthermore, let 𝒞𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) represents the class of sense-preserving harmonic univalent functions 𝑓 = ℎ +

𝑔 of the form (1.1), satisfying the condition: 

 

Im {

𝜕

𝜕𝜃
(

𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓(𝑟𝑒𝑖𝜃))

𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)
} ≥ 𝛼,                                                                                                              (1.12) 

 

with, 𝑧 = 𝑟𝑒𝑖𝜃 , 0 ≤ 𝜃 < 2𝜋, 0 ≤ 𝑟 < 1, 0 ≤ 𝛼 < 1, 𝛿 ≥ 0, 𝛽 > 0, λ > 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0, 𝑓𝑘(𝑧) = ℎ𝑘 +
𝑔𝑘  (𝑘 ≥ 1) and ℎ𝑘 , 𝑔𝑘 given by (1.11). 

 

Moreover, let 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) and 𝒯𝐶𝐻

𝑘(𝑚, 𝛿, β, λ, 𝛼) represent the subclasses of 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) and 

𝒞𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), respectively for which ℎ and 𝑔 in 𝑓 = ℎ + 𝑔, take the form 

 

                                       ℎ(𝑧) = 𝑧 − ∑∞
𝑛=2 |𝑎𝑛|𝑧𝑛 , 

 

 𝑔(𝑧) = ∑∞
𝑛=1 |𝑏𝑛|𝑧𝑛 ,   (|𝑏1| < 1), (1.13) 

 

ℎ𝑘 and 𝑔𝑘 belong to 𝑓𝑘 = ℎ𝑘 + 𝑔𝑘 , are given by 

 

                    ℎ𝑘(𝑧) = 𝑧 − ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛|Φ𝑛𝑧𝑛,   

 

      𝑔𝑘(𝑧) = ∑∞
𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛|Φ𝑛𝑧𝑛 , (1.14) 

 

where Φ𝑛 given by (1.9). 
 

It is clear that the classes: 
 

𝒮𝐻
1 (0, 𝛿, β, λ, 0) ≡ 𝒮𝐻

∗ , 𝒯𝑆𝐻
1 ((0, 𝛿, β, λ, 0) ≡ 𝒯𝑆∗,  𝒞𝐻

1 (0, 𝛿, β, λ, 0) ≡ 𝒞𝐻 , 𝒯𝐶𝐻
1(0, 𝛿, β, λ, 0) ≡ 𝒯𝐶𝐻 , were studied 

by Silverman [10].  

𝒮𝐻
1 (0, 𝛿, β, λ, 𝛼) ≡ 𝒮𝐻

∗ (𝛼), 𝒯𝑆𝐻
1 (0, 𝛿, β, λ, 𝛼) ≡ 𝒯𝑆∗(𝛼), 𝒞𝐻

1 (0, 𝛿, β, λ, 𝛼) ≡ 𝒞𝐻(𝛼), 𝒯𝐶𝐻
1(0, 𝛿, β, λ, 𝛼) ≡ 𝒯𝐶𝐻(𝛼) 

were studied by Jahangiri [7].  

𝑆𝐻
2(0, 𝛿, β, λ, 𝛼) ≡ 𝑆𝐻𝑆

∗ (𝛼) and 𝒯𝑆𝐻
2(0, 𝛿, β, λ, 𝛼) ≡ 𝒯𝑆𝐻𝑆

∗ (𝛼) were studied by Ahuja and Jahangiri [1] and G̈uney 

[6], respectively. 

 

To derive our main results, Theorems 1.1 and 1.2 to Jahangiri [7] are needed. 

 

Theorem 1.1 [7]. Let 𝑓 = ℎ + 𝑔 ∈ 𝒮𝐻, if 

 

 ∑∞
𝑛=2

𝑛−𝛼

1−𝛼
|𝑎𝑛| + ∑∞

𝑛=1
𝑛+𝛼

1−𝛼
|𝑏𝑛| ≤ 1, (1.15) 

 

where 0 ≤ 𝛼 < 1, then 𝑓 is harmonic, sense-preserving, univalent in 𝕌, and 𝑓 is starlike harmonic of order 𝛼 

denoted by 𝒮𝐻(𝛼). Condition (1.15) is also necessary if 𝑓 ∈ 𝒯𝑆𝐻(𝛼).  

 

Theorem 1.2 [10]. Let 𝑓 = ℎ + 𝑔 ∈ 𝒮𝐻, if 

 ∑∞
𝑛=2

𝑛(𝑛−𝛼)

(1−𝛼)
|𝑎𝑛| + ∑∞

𝑛=1
𝑛(𝑛+𝛼)

(1−𝛼)
|𝑏𝑛| ≤ 1, (1.16) 

where 0 ≤ 𝛼 < 1, then  the function   𝑓 is harmonic and univalent in 𝕌 with preservation of orientation, and hence  

𝑓 lies in the class 𝒞𝐻(𝛼) of convex harmonic functions of order 𝛼. Condition (1.16) is required for every 𝑓 ∈
𝒯𝐶𝐻(𝛼).  
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Main results 

First, the significant conclusions regarding the class   𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) will be presented. 

Theorem 2.1. For 𝑓 ∈ 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), where 𝑓 = ℎ + 𝑔, ℎ and 𝑔 defined  by (1.1), then 𝑓𝑘(𝑧) = ℎ𝑘 + 𝑔𝑘,  ℎ𝑘 

and 𝑔𝑘 given by (1.11) belongs to 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼).  

Proof. Suppose that 𝑓 ∈ 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼).  By substituting  𝑟𝑒𝑖𝜃 by 𝜀𝜈𝑟𝑒𝑖𝜃 , (𝜈 = 0,1,2, . . . , 𝑘 − 1; 𝜀𝑘 = 1) in 

(1.10) respectively, we observe that (1.10) is also true such that 

 Im{
𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓(𝜀𝜈𝑟𝑒𝑖𝜃)

𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝜀𝜈𝑟𝑒𝑖𝜃)

} ≥ 𝛼,                (𝜈 = 0,1,2, . . . , 𝑘 − 1). (2.1) 

 Based on the definition of 𝑓𝑘(𝑧) and 𝜀𝑘 = 1, we know 𝑓𝑘(𝜀𝜈𝑟𝑒𝑖𝜃) = 𝜀𝜈𝑓𝑘(𝑟𝑒𝑖𝜃). Let 𝜈 = 0,1,2, . . . , 𝑘 − 1 in 

(2.1) respectively, and hence their sum is 

                            Im{
1

𝑘
∑𝑘−1

𝜈=0

𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓(𝜀𝜈𝑟𝑒𝑖𝜃)

𝜀𝜈𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)

} = Im{
𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)

𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)

} ≥ 𝛼,                                            (2.2) 

here 𝑓𝑘(𝑧) belongs to 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼). 

Furthermore, a sufficient criteria for harmonic functions in 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) is obtained. 

Theorem 2.2 Let ℎ and 𝑔 given by (1.1), 𝑓 = ℎ + 𝑔 and ℎ𝑘, 𝑔𝑘 given by (1.12), 𝑓𝑘 = ℎ𝑘 + 𝑔𝑘. If 

 ∑∞
𝑛=1 [

𝑛−𝛼Φ𝑛

1−𝛼
|𝑎𝑛| +

𝑛+𝛼Φ𝑛

1−𝛼
|𝑏𝑛|][𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 ≤ 2, (2.3) 

where 0 ≤ 𝛼 ≤ 1, 𝛽 > 0, 𝛿 ≥ 0, λ > 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0, 𝑎1 = Φ1 = 1, and Φ𝑛 given by (1.9). Then 𝑓 is 

harmonic univalent in 𝕌, with sense-preserving and 𝑓 ∈ 𝒮𝐻
𝑘(𝑚, 𝛿, 𝛽, 𝜆, 𝛼).  

Proof. For 𝑎1 = 1 in Theorem 1.1, then 

 ∑∞
𝑛=1 [

𝑛−𝛼

1−𝛼
|𝑎𝑛| +

𝑛+𝛼

1−𝛼
|𝑏𝑛|] 

 ≤ ∑∞
𝑛=1 [

𝑛−𝛼Φ𝑛

1−𝛼
|𝑎𝑛| +

𝑛+𝛼Φ𝑛

1−𝛼
|𝑏𝑛|][𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 

                ≤ 2,  

Using Theorem 1.1, we have that 𝑓 is starlike and harmonic univalent in 𝕌, with sense-preserving. To show 𝑓 ∈

𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), the condition (1.10) is needed to obtain that:    

                       Im{
𝜕

𝜕𝜃
𝒟𝛿,𝛽,ʎ

𝑚 𝑓(𝑟𝑒𝑖𝜃)

𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝑟𝑒𝑖𝜃)

} = Re{
𝑧(𝒟𝛿,𝛽,ʎ

𝑚 ℎ(𝑧))′−𝑧(𝒟𝛿,𝛽,ʎ
𝑚 𝑔(𝑧))′

𝒟𝛿,𝛽,ʎ
𝑚 ℎ𝑘(𝑧)+𝒟𝛿,𝛽,ʎ

𝑚 𝑔𝑘(𝑧)
} 

                                                    = Re {
𝐴(𝑧)

𝐵(𝑧)
} 

                                                                    ≥ 𝛼, 

where 𝑧 = 𝑟𝑒𝑖𝜃 , 0 ≤ 𝑟 < 1, 0 ≤ 𝜃 < 2𝜋, 0 ≤ 𝛼 < 1, 𝛽 > 0, λ > 0, 𝛿 ≥ 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0 and 𝑘 ≥ 1.  

              𝐴(𝑧) = 𝑧(𝒟𝛿,𝛽,ʎ
𝑚 ℎ(𝑧))′ − 𝑧(𝒟𝛿,𝛽,ʎ

𝑚 𝑔(𝑧))′ 

                      = 𝑧 + ∑∞
𝑛=2 𝑛[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑎𝑛𝑧𝑛 − ∑∞

𝑛=1 𝑛[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑏𝑛𝑧𝑛 ,             (2.4) 

 and  

          𝐵(𝑧) = 𝒟𝛿,𝛽,ʎ
𝑚 𝑓𝑘(𝑧) 

                        = 𝑧 + ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑎𝑛Φ𝑛𝑧𝑛 + ∑∞

𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑏𝑛Φ𝑛𝑧𝑛          (2.5) 
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where Φ𝑛 given by (1.9). By using Re(𝑤) ≥ 𝛼  ⟺  |1 − 𝛼 + 𝑤| ≥ |1 + 𝛼 − 𝑤|, it enough to 

see that 

|𝐴(𝑧) + (1 − 𝛼)𝐵(𝑧)| − |𝐴(𝑧) − (1 + 𝛼)𝐵(𝑧)| ≥ 0. (2.6) 

 

By replacing 𝐴(𝑧) and 𝐵(𝑧) as given in (2.4) and (2.5) in (2.6), we get 

 

|𝐴(𝑧) + (1 − 𝛼)𝐵(𝑧)| − |𝐴(𝑧) − (1 + 𝛼)𝐵(𝑧)|    

 = |(1 − 𝛼)𝒟𝛿,𝛽,ʎ
𝑚 ℎ𝑘(𝑧) + 𝑧(𝒟𝛿,𝛽,ʎ

𝑚 ℎ(𝑧))′ + (1 − 𝛼)𝒟𝛿,𝛽,ʎ
𝑚 𝑔𝑘(𝑧) − 𝑧(𝒟𝛿,𝛽,ʎ

𝑚 𝑔(𝑧))′| 

 −|(1 + 𝛼)𝒟𝛿,𝛽,ʎ
𝑚 ℎ𝑘(𝑧) − 𝑧(𝒟𝛿,𝛽,ʎ

𝑚 ℎ(𝑧))′ + (1 + 𝛼)𝒟𝛿,𝛽,ʎ
𝑚 𝑔𝑘(𝑧) + 𝑧(𝒟𝛿,𝛽,ʎ

𝑚 𝑔(𝑧))′| 

  

   = |(2 − 𝛼)𝑧 + ∑∞
𝑛=2 (𝑛 + (1 − 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑎𝑛𝑧𝑛  

 

 − ∑∞
𝑛=1 (𝑛 − (1 − 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑏𝑛𝑧𝑛| 

 

             −| − 𝛼𝑧 + ∑∞
𝑛=2 (𝑛 − (1 + 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑎𝑛𝑧𝑛     

 

 − ∑∞
𝑛=1 (𝑛 + (1 + 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚𝑏𝑛𝑧𝑛|      

 

≥ (2 − 𝛼)|𝑧| − ∑∞
𝑛=2 (𝑛 + (1 − 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛||𝑧|𝑛     

 

 − ∑∞
𝑛=1 (𝑛 − (1 − 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛||𝑧|𝑛    

 

         −𝛼|𝑧| − ∑∞
𝑛=2 (𝑛 − (1 + 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛||𝑧|𝑛  

 

                                − ∑∞
𝑛=1 (𝑛 + (1 + 𝛼)Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛||𝑧|𝑛  

  

= 2(1 − 𝛼)|𝑧|{1 − ∑∞
𝑛=2

𝑛−𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛||𝑧|𝑛−1  

  

                                               − ∑∞
𝑛=1

𝑛+𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛||𝑧|𝑛−1}       

      

≥ 2(1 − 𝛼)|𝑧|{1 − ∑∞
𝑛=2

𝑛−𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛|  

 

                                                − ∑∞
𝑛=1

𝑛+𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛|}  

 

≥ 2(1 − 𝛼){1 − ∑∞
𝑛=2

𝑛−𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛|    

 

                                  − ∑∞
𝑛=1

𝑛+𝛼Φ𝑛

1−𝛼
[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛|} ≥ 0,       

 

By (2.3), the proof is complete. 

 

Next, the necessity of condition (2.3) for functions in 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), is established.  

 

Theorem 2.3 Let ℎ and 𝑔 are given by (1.13), 𝑓 = ℎ + 𝑔 and 𝑓𝑘 = ℎ𝑘 + 𝑔𝑘 with ℎ𝑘 and 𝑔𝑘 are given by (1.14). 

Then 𝑓 ∈ 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) ⟺  (2.3) holds.  

 

Proof. The if part follows from Theorem 2.2 noting that if the analytic and co-analytic parts of 𝑓 = ℎ + 𝑔 ∈
𝒮𝐻

𝑘(𝑚, 𝛿, β, λ, 𝛼) are of the form (1.13) then 𝑓 ∈ 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼). For the only if part, we show that 𝑓 ∉

𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) if the condition (2.3) does not hold. Note that a necessary and sufficient condition for 𝑓 =

ℎ + 𝑔 given by (1.13) to be in 𝒮𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), is that  

 Re{
𝑧(𝒟𝛿,𝛽,ʎ

𝑚 ℎ(𝑧))′−𝑧(𝒟𝛿,𝛽,ʎ
𝑚 𝑔(𝑧))′

𝒟𝛿,𝛽,ʎ
𝑚 ℎ𝑘(𝑧)+𝒟𝛿,𝛽,ʎ

𝑚 𝑔𝑘(𝑧)
} ≥ 𝛼. 
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This is equivalent to  

 

 Re{
𝑧(𝒟𝛿,𝛽,ʎ

𝑚 ℎ(𝑧))′−𝑧(𝒟𝛿,𝛽,ʎ
𝑚 𝑔(𝑧))′

𝒟𝛿,𝛽,ʎ
𝑚 ℎ𝑘(𝑧)+𝒟𝛿,𝛽,ʎ

𝑚 𝑔𝑘(𝑧)
} − 𝛼 ≥ 0. 

 

= ℜ{
(1 − 𝛼)𝑧 − ∑∞

𝑛=2 (𝑛 − 𝛼Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛|𝑧𝑛

𝑧 − ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑎𝑛|𝑧𝑛 + ∑∞

𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑏𝑛|𝑧𝑛
 

 

−
∑∞

𝑛=1 (𝑛 + 𝛼Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛|𝑧𝑛

𝑧 − ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑎𝑛|𝑧𝑛 + ∑∞

𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑏𝑛|𝑧𝑛
} 

 

≤ |
(1 − 𝛼)𝑧 − ∑∞

𝑛=2 (𝑛 − 𝛼Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑎𝑛|𝑧𝑛

𝑧 − ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑎𝑛|𝑧𝑛 + ∑∞

𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑏𝑛|𝑧𝑛
 

 

−
∑∞

𝑛=1 (𝑛 + 𝛼Φ𝑛)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚|𝑏𝑛|𝑧𝑛

𝑧 − ∑∞
𝑛=2 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑎𝑛|𝑧𝑛 + ∑∞

𝑛=1 [𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 Φ𝑛|𝑏𝑛|𝑧𝑛
| 

 

Suppose that condition (2.3) is not satisfied, then 

 

≤
(1 − 𝛼) − (∑∞

𝑛=2 (𝑛 − 𝛼Φ𝑛)|𝑎𝑛| + ∑∞
𝑛=1 (𝑛 + 𝛼Φ𝑛)|𝑏𝑛|)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚

1 − (∑∞
𝑛=2 Φ𝑛|𝑎𝑛| − ∑∞

𝑛=1 Φ𝑛|𝑏𝑛|)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚
, 

that is,  

 

       (1 − 𝛼) − (∑∞
𝑛=2 (𝑛 − 𝛼Φ𝑛)|𝑎𝑛| + ∑∞

𝑛=1 (𝑛 + 𝛼Φ𝑛)|𝑏𝑛|)[𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 ≤ 0. 
 

Hence 𝑓 ∉ 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼). Thus, the proof is concluded. 

 

The following theorem presents the growth result. 

 

Theorem 2.4 If 𝑓 ∈ 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼), then  

 

 |𝑓(𝑧)| ≤ (1 + |𝑏1|)𝑟 +
1

[𝛽(λ−𝛿)+1]𝑚 (
1−𝛼

2−𝛼
−

1+𝛼

2−𝛼
|𝑏1|)𝑟2,        |𝑧| = 𝑟 < 1, 

  

 |𝑓(𝑧)| ≥ (1 − |𝑏1|)𝑟 −
1

[𝛽(λ−𝛿)+1]𝑚 (
1−𝛼

2−𝛼
−

1+𝛼

2−𝛼
|𝑏1|)𝑟2,        |𝑧| = 𝑟 < 1. 

  

Proof. it suffices to prove the second inequality, as the first can be shown by a similar argument. Let 𝑓 ∈
𝒯𝑆𝐻

𝑘(𝑚, 𝛿, β, λ, 𝛼). Taking the modulus of 𝑓(𝑧) we obtain 

  

 |𝑓(𝑧)| ≥ (1 − |𝑏1|)𝑟 − ∑∞
𝑛=2 [|𝑎𝑛| + |𝑏𝑛|]𝑟𝑛 

 

 ≥ (1 − |𝑏1|)𝑟 − ∑∞
𝑛=2 [|𝑎𝑛| + |𝑏𝑛|]𝑟2 

 

 ≥ (1 − |𝑏1|)𝑟 −
1−𝛼

(2−𝛼Φ2)[𝛽(λ−𝛿)+1]𝑚
∑∞

𝑛=2
2−𝛼Φ2

1−𝛼
[|𝑎𝑛| + |𝑏𝑛|][𝛽(λ − 𝛿) + 1]𝑚𝑟2 

 

 ≥ (1 − |𝑏1|)𝑟 −
1−𝛼

(2−𝛼)[𝛽(λ−𝛿)+1]𝑚
∑∞

𝑛=2 (
𝑛−𝛼Φ𝑛

1−𝛼
|𝑎𝑛| +

𝑛+𝛼Φ𝑛

1−𝛼
|𝑏𝑛|) [𝛽(λ − 𝛿) + 1]𝑚𝑟2 

 

 ≥ (1 − |𝑏1|)𝑟 −
1−𝛼

(2−𝛼)[𝛽(λ−𝛿)+1]𝑚 (1 −
1+𝛼

1−𝛼
|𝑏1|)𝑟2        by(2.3) 

 

 = (1 − |𝑏1|)𝑟 −
1

[𝛽(λ−𝛿)+1]𝑚 (
1−𝛼

2−𝛼
−

1+𝛼

2−𝛼
|𝑏1|)𝑟2. 

 

The following covering result is derived from the second inequality in Theorem 2.4. 
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Corollary 2.5 If 𝑓 ∈ 𝒯𝑆𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) then 

 

 {𝑤: |𝑤| < 1 −
(1−𝛼)

(2−𝛼)[𝛽(λ−𝛿)+1]𝑚 − (1 −
(1+𝛼)

(2−𝛼)[𝛽(λ−𝛿)+1]𝑚)|𝑏1|} ⊂ 𝑓(𝕌). 

The convex case 

The method for proving the following theorems in the convex case mirrors that of Theorems 2.1, 2.2 and 2.3 for 

the starlike case, substituting Theorem 1.2 for Theorem 1.1. 

 

Theorem 3.1 For 𝑓 ∈ 𝒞𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼) where 𝑓 = ℎ + 𝑔 with ℎ and 𝑔 are represented by (1.1), then 𝑓𝑘(𝑧) =

ℎ𝑘 + 𝑔𝑘 with ℎ𝑘 and 𝑔𝑘 are defined by (1.11) is in 𝒞𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼). 

 

Theorem3.2 For 𝑓 = ℎ + 𝑔 where ℎ and 𝑔 are defined by (1.1) and 𝑓𝑘 = ℎ𝑘 + 𝑔𝑘, ℎ𝑘 and 𝑔𝑘 are represented 

by (1.12). If 

 

 ∑∞
𝑛=1 [

𝑛(𝑛−𝛼Φ𝑛)

1−𝛼
|𝑎𝑛| +

𝑛(𝑛+𝛼Φ𝑛)

1−𝛼
|𝑏𝑛|][𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 ≤ 2, 

 

where 𝑎1 = Φ1 = 1, 0 ≤ 𝛼 ≤ 1, 𝛿 ≥ 0, 𝛽 > 0, λ > 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0 and Φ𝑛 given by (1.9). Hence  𝑓 is 

harmonic univalent function and sense-preserving in the open unit disk and 𝑓 ∈ 𝒞𝐻
𝑘(𝑚, 𝛿, β, λ, 𝛼).  

  

Theorem 3.3 For 𝑓 = ℎ + 𝑔 with ℎ and 𝑔 are given by (1.13) and 𝑓𝑘 = ℎ𝑘 + 𝑔𝑘 with ℎ𝑘 and 𝑔𝑘 are expressed 

as in (1.14). Then 𝑓 in  𝒯𝐶𝐻
𝑘(𝑚, 𝛿, 𝛽, 𝜆, 𝛼) ⟺ 

 

 ∑∞
𝑛=1 [

𝑛(𝑛−𝛼Φ𝑛)

(1−𝛼)
|𝑎𝑛| +

𝑛(𝑛+𝛼Φ𝑛)

(1−𝛼)
|𝑏𝑛|][𝛽(𝑛 − 1)(λ − 𝛿) + 1]𝑚 ≤ 2, 

 

where 𝑎1 = Φ1 = 1, 0 ≤ 𝛼 ≤ 1, 𝛿 ≥ 0, 𝛽 > 0, λ > 0, 𝛿 ≠ λ, 𝑚 ∈ ℕ0 and Φ𝑛 given by (1.9).  

 

Remark 2.1. related contributions on harmonic functions are reported in [5, 8, 11].  

Conclusion 

In the present work, we introduce and study new subclasses of harmonic univalent functions that are 𝑘-symmetric 

starlike and convex which defined by a derivative operator and investigate some of their geometric properties. 

 

Compliance with ethical standards 

Disclosure of conflict of interest 

The author(s) declare that they have no conflict of interest. 

References  

[1] O. Ahuja, J. Jahangiri, Sakaguchi-type harmonic univalent functions, Sci. Math. Jpn., 59(1), pp. 163-168, 

2004. 

[2] R. Chand, P. Singh, On certain schlicht mappings, J. Pure Appl. Math., 10(9), pp. 1167-1174, 1979. 

[3] J. Clunie Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fen. Series A.I.Math. vol. 9, pp. 3-25, 

1984. 

[4] M. Darus, R. W. Ibrahim, On subclasses for generalized operators of complex order. Far East J. Math. Sci., 

vol. 33, pp. 299-308, 2009 . 

[5] E. El-Yagubi, M. Darus, Subclasses of analytic functions defined by new generalised derivative operator, 

Journal of Quality Measurement and Analysis, 9(1), pp. 47-56, 2013 . 

[6] H. Ö. G̈uney, Sakaguchi-type harmonic univalent functions with negative coefficients, Int. J. Contemp. Math. 

Sci., 2(10), pp. 459-463, 2007. 

[7] J. M. Jahangiri, Harmonic functions starlike in the unit disk, Journal of Mathematical Analysis and 

Applications, 235(2), pp. 470-477, 1999. 



23 | AJAPAS: Copyright: © 2025 by the authors. Submitted for possible open access publication under the terms and conditions of the 

Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 

 

[8] A. Janteng, S. A. Halim & M. Darus, A new subclass of harmonic univalent functions. Southeast Asian Bull. 

Math., vol. 31, pp. 81–88, 2007. 

[9] K. Sakaguchi, On certain univalent mappings, J. Math. Soc. Japan., vol. 11, pp. 72-75, 1959. 

[10]  H. Silverman, Harmonic univalent functions with negative coefficients, Proc. Amer. Math. Soc., vol. 51, pp.      

 283-289, 1998 . 

[11]  S. Yalcin, M. Öztürk, A new subclass of complex harmonic functions, Math. Ineq. Appl., vol. 7, pp. 55-61,    

  2004. 

 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of 

the individual author(s) and contributor(s) and not of AJAPAS and/or the editor(s). AJAPAS and/or the editor(s) 

disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions, or 

products referred to in the content. 

 


