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Abstract

In this study compares the performance of the ridge, lasso, and elastic net approaches for controlling
multicollinearity issues among independent variables in binary logistic regression analysis. A binary logistic
model with eight independent variables (P=8) and a high degree of multicollinearity (p=0.99) at various sample
sizes (20,50,100,200, and 300) is applied in data simulation. The best approach is found using the minimum
logarithmic loss (Log Loss) and Akaike's information criterion (AIC) values. According to the study results, the
lasso method consistently offers the lowest Log Loss and AIC, making it the best model. For every sample size
tested, ridge method seems to be the least successful of the three models, whereas elastic net is a powerful
substitute for lasso method.
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1 Introduction

Logistic regression is an essential technique in statistical modeling, especially for binary classification scenarios,
such as (pass, fail), (present, absent) or (diseased, not diseased), where the outcome variable is dichotomous. The
extensive application across diverse domains including as, epidemiology, social sciences, medicine, economics,
engineering, and machine learning is attributable to its capacity to model the probability of an event occurring
based on one or more predictor variables[1]. One assumption of logistic regression is that predictor variables must
be uncorrelated. The logistic model becomes unstable when there is a correlation among the independent variables,
this may lead to inaccuracies in interpreting the relationship between the dependent variable and each independent
variable about odds ratios, as the confidence intervals around the odds ratios expand, complicating the ability to
make exact inferences about the effect sizes, this complicates using the model's findings in practical
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applications[2]. When logistic regression encounters multicollinearity, the model experiences inflated errors in
the estimated parameters and unstable parameter estimations, this causes parameters to seem important when they
are not, or conversely, the interpretation and accuracy of logistic regression models are further complicated as a
result[1,2,3]. The variance inflation factor (VIF) is one of the most popular techniques to detect multicollinearity
in data, multicollinearity is stated to be present when the (VIF) is 10 or more, A (VIF) of 1.0 indicates no
multicollinearity[5,6]. Researchers frequently employ regularization techniques like ridge, lasso, and elastic net
regression to reduce multicollinearity in logistic regression[7,8], These techniques are meant to reduce predictor
variable overlap, improve coefficient estimate consistency, and increase the model's overall reliability and clarity.
Since ridge regression was first used by Hoerl and Kennard (1970) to handle multicollinearity in engineering
data[9], a number of studies have been conducted to improve and refine the regularized regression model methods,
for instance, McDonald & Schwing,1973; McDonald & Galarneau,1975; J. F. & P,1976; Dempster et al.,1977,;
Gibbons,1981; Schaeffer et al.,1984; Kibria,2003; Muniz & Kibria,2009; Mansson et al.,2010; Kibria et al.,2012;
Aslam,2014; A.V. Dorugade,2014; Arashi & Valizadeh,2015; Melkumova & Shatskikh,2017; Lukman et
al.,2018, 2019; Herawati et al.,2018; Yuzba, si et al.,2020; Golam Kibria & Lukman,2020; Kibria,2023; Hoque
& Kibria,2023; Mermi et al.,2024; Nayem et al.,2024; Hoque & Kibria,2024; Yasmin & Kibria, 2025[10-34].
Despite widely research on ridge regression, its application in logistic regression has received very little attention
[35]. mean squared error (MSE) is the main measurement instrument used in a large portion of current research
to evaluate the classification performance of logistic regression models. this measure cannot be trusted to evaluate
the performance of binary logistic regression models, because the estimated values §; is a nonlinear function.
Consequently, the MSE equation in logistic regression will produce a non-convex function, we will have
difficulties when classifying, since we have target values like (0, 1), so (§ — y)? will always fall within (0-1), It
could make error tracking and storing high precision floating integers difficult.

This gap encourages more analytical simulation-based research, the most essential measure that outperforms MSE
is the minimum logarithmic loss (Log Loss), which offers a continuous and differentiable assessment of the binary
logistic regression model's performance, where Log loss is the most important probability-based classification
measure[36]. The aim of the current study is to add to the body of literature regarding binary logistic regression
when multicollinearity is present, where a logistic model with binary responses and a set of continuous predictor
variables was used to compare the ridge, lasso, and elastic net approaches, simulation data with high
multicollinearity and varying sample sizes were used to compare each approach, the best technique was
determined based on the smallest value of Log Los and the best model is characterized by AIC value.

2 Methodology

2.1 Binary logistic regression model

Assume the response variable of the regression application of interest has two possible results

or that Y; is a Bernoulli random variable with a probability distribution,

P(y;=0) =1 —mandP(y; = 1) =m

The probability function for each observation is[4,5,6],

fiy) =il —m)!™v, i=12,..,n (1)

The multiple logistic regression model of the response variable is expressed as follows[37],
ex + Bixjp + -+ BrX; 2

m(xp) = Ply; = 1]x,] = p (Bo + Bixin BiXik) (2

1+ exp (Bo + Bixis + -+ BrXix)

Where, x; = (X1, X2 ---,Xjx) 1S the input vector of k independent variables and f ., is the vector of estimated

parameters.
when the logit transformation is applied, the model turns into a linear model as follows[37],

) _ m; (x;) 3)
lOglt[TTL'(X)] - ln(l _ ni(xi))
or can be expressed in linear form as,
logit[m;(x)] = Bo + BixXiz + - + BrXik 4
By maximizing the likelihood function, the parameters were determined as [38],
L(B) = [Ty m; (x)Yi (1 — m;(x;) " Vi ®)
Consequently, the log likelihood function is,
t(B) = inzl[}’i ln(ﬂi(Xi)) + (1 —y)n(1 - T[i(Xi))] (6)
When the log-likelihood is differentiated with regard to B equal to zero in matrix notation, we obtain[4],
By = XWX)~1X'WZ (7
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Where, Z ,,x, is a column vector with elements,
2, = logit(R,) + "= and W = diag[fi(1 — &) (8)
The matrix X WX is (almost) singular when there is multicollinearity among the independent variables in the
logistic model, since we are unable to obtain the matrix's inversion, the maximum likelihood method is not
appropriate for estimating the model's parameters. Because of this, the maximum likelihood technique for
estimating the logistic model's parameters is unstable and cannot be uniquely estimated. Variation inflation factor
(VIF) is one method for detecting multicollinearity. The independent variables' multicollinearity is determined
by,

1
VIF; = ) ©)
The coefficient of determination for the regression of that explanatory variable on the other independent variables
is denoted by R?, there is multicollinearity between the independent variables if the VIF value is more than 10.
In this case, regularized binary logistic regression models can be used to stabilize the coefficient estimates by
applying a penalty to the diagonal matrix of X WX. All penalized regression techniques provide notable advantages
over ordinary maximum likelihood estimation, especially when multicollinearity is high[7].

2.2 Regularized binary logistic regression models

In recent years, regularized regression models have become more and more popular among machine learning
algorithms. Ridge, lasso, and elastic net logistic regression models are frequently used as regularized models in
various fields to control multicollinearity problems among independent variables, in regularized logistic
regression models to estimate the unknown regression, a penalty term is added to the log-likelihood functions of
these models[21].

2.2.1 Ridge logistic regression model

Ridge regression is particularly useful when predictors are highly correlated, since it stabilizes coefficient
estimates by reducing them towards zero, its penalty parameter is usually selected using cross-validation[39].
Despite the fact that it will result in bias in the model's coefficient estimations, this approach offers a lower
variance of the coefficient estimates than the unpenalized model. Ridge likelihood estimator of the logistic model
is determined by maximize the ridge penalized loglikelihood[15,19,35,40], the ridge logistic regression parameter
estimates are expressed as follows,

eRidee () = ¢(B) | + AL, By (o)

This model uses the L2-norm penalty (Zj?=1 [)’jz) to solve the log-likelihood function of the binary logistic

regression model, the tuning parameter (1>0) regulates the amount of shrinkage, when the value of (1=0) the
estimator (ML) can be seen as a particular case of equation (3).

2.2.2 Lasso logistic regression model

Multicollinearity issues can be resolved by using the least absolute shrinkage and selection operator (lasso)
approach [41]. In contrast to ridge regression, which depends on the squared L2-norm, lasso uses the L1-norm to
minimize the sum of differences while limitation to a constraint on the total absolute magnitude of the coefficients
B, so that it correlates to zero or nearly zero, this limitation motivates the model to be sparse, finding a subset of
actually relevant predictors and successfully reducing multicollinearity [42,43]. The Lasso logistic regression
model is created by adding a penalty term to the negative log-likelihood function, known as L1-norm (Z§=1|ﬁj|),
with tuning parameter A. Thus, using lasso, we obtain an estimate of the logistic regression parameter as follows,
£rasso(R) = — £(B) + A X, |B;] (11)

The tuning parameter (1>0), which controls the penalty severity in the lasso approach, can be acquired by
generalized cross validation [41].

2.2.3 Elastic net logistic regression model

Another regularization and variable selection method called the elastic net, which was first presented by Zou and
Hastie in 2005, where the lasso and ridge models are combined to create the elastic net model. To put it another
way, it transmits the characteristics of both lasso and ridge by using a combination of L1-norm and L2-norm
penalties. The Elastic net approach offers a balance between lowering the parameters to zero and reducing their
size by using an additional parameter to tune is (a) [44]. The elastic net logistic regression parameter estimates
are given as follows,

i 1
gElastienet(g) = £(B) + A, (1 — o) Ty By” + a jsy[By]] (12)
The elastic net logistic regression model is he identical as ridge logistic regression when (0=0) and lasso logistic
regression when (a=1). The value of « is usually set at 0.5 for an equal combination of ridge and lasso models.
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2.3 Simulation study

Using the R programming language, a Monte Carlo simulation is applied for comparing the performance of ridge
regression, lasso, and elastic net for a binary logistic regression model with high multicollinearity. Eight
independent variables (k=8) are used in the simulated logistic regression model, to obtain multicollinearity in the
data collection, employed the following formula[16],

Xij =v@A =02 Zij+ pZigrry, 1=12,...,n;j=12,..k (13)

Z;; represents the independent pseudo-random variable Z;; ~N(0,1), where p is the correlation between any two
independent variables, with B,=0 and B;=B,....Bx=1, the dependent variable Y is produced by the binary logistic
regression probability given by equation (2). The experiment was conducted 1000 times using the model with

different sample sizes (n = 20,50,100,200, and 300) with high multicollinearity amongst independent variables
(p=0.99).

2.3.1 Choice of tuning parameter

The values of estimated parameters are determined by the amounts of A, therefore choosing the right value of A is
essential to avoiding overfitting and underfitting problems for the model. Cross-validation is frequently used to
choose the appropriate A values that provide a good balance between variance and bias and lower the
misclassification error. Because of this, the optimal value of A in this study is found using cv. glmnet() from the
glmnet package [45], [46]. 10-fold cross-validation was used to determine the optimal A tuning parameter for
Ridge, Lasso, and Elastic net logistic regression model.

2.3.2 Measurement of performance

The models studied in multicollinearity handling will be evaluated for performance using,

a- logarithmic loss or cross-entropy loss (Log Los)

The Log Loss is an important measure for binary classification models, it evaluates a model's performance by
measuring the difference between predicted probabilities and actual values [36], we can apply this formula,

Log Los = — =3I, y;. log[p(yi)] + (1 — yy). log[1 — p(y)] (14)

The actual class is represented by y;, and is the probability of that class is log[p(y;)], where p(y;) is the probability
of 1and [1 — p(y;)] is the probability of 0. Better model performance is shown by a lower Log Loss.

b- Akaike’s information criterion (AIC)

A measure of fit used to evaluate the various models is the AIC. The number of estimated parameters in the model
is added as a penalty term to the log-likelihood value [37]. The calculation of the AIC value is as follows,

AlC= —2(¢(B)) +2d (15)

Where the number of estimated parameters is denoted by d. Better model fit is indicated by smaller AIC values.

2.3.3 Modelling steps

The following steps were used to run the ridge, lasso, and elastic net logistic regression models,
a. Split the data into training and testing sets

The data was split into two sets: a training set of 66% and a test set of 44% in order to build, validate and compare
each approach. The quality has been evaluated by applying the estimated models to the test set.
b. Binary logistic regression model

- Conducted binary logistic regression model with high multicollinearity (p=0.99).

- Detecting multicollinearity amongst the independent variables using (VIF).

c. Ridge logistic regression model

- Fitting ridge model with training data and (0=0).

- Determined the optimal A with 10-fold cross-validation.

- Fitting final ridge model with optimal lambda.

- Calculate the Log Loss for the final Ridge logistic regression model.

- Calculate the AIC for the final Ridge logistic regression model.

d. Lasso logistic regression model

- Fitting lasso model with training data and (a=1).

- Determined the optimal A with 10-fold cross-validation.

- Fitting final lasso model with optimal lambda.

- Calculate the Log Loss for the final lasso logistic regression model.

- Calculate the AIC for the final lasso logistic regression model.

e. Elastic net logistic regression model

- Fitting elastic net model with training data and (0< o <1).

- Determined the optimal a and A with 10-fold cross-validation.

- Fitting final Elastic net model with optimal lambda and alpha.

- Calculate the Log Loss for the final Elastic net logistic regression model.

- Calculate the AIC for the final Elastic net logistic regression model.
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3. Results and discussion

The simulated data's initial VIF values were created to exhibit a strong correlation (p=0.99) among all independent
variables, this requirement applies to all sample sizes. Consequently, if the VIF value of the related variable is
greater than 10, a multicollinearity problem exists. The experiment was repeated 1000 times to acquire reliable
estimation results, display the outcomes of the simulation in Table 1,

Table 1. Multicollinearity in independent variables for all sample sizes studied.

independent VIF for all sample sizes studied
variables n; =20 | n; =50 | n; =100 | ny, = 200 | n; = 300
X1 238.03 180.48 34.10 58.15 11.54
X2 2451 210.89 46.98 69.9 33.75
X3 3413.88 | 265.99 58.94 31.96 32.43
X4 2560.38 | 338.52 42.14 9.22 71.55
Xs 1529.2 603.1 35.84 16.43 11.55
Xe 840.47 | 323.68 20.15 107.32 7.40
X7 23249 | 1071.34 105.67 62.57 58.98
Xs 2054.42 | 552.89 37.66 56.43 19.95

From Table 1, Based on the simulation results, the independent variables demonstrate extreme multicollinearity.
Although VIFs typically decrease with larger sample sizes (e.g., Xs from 3413.88 to 32.43), they still remain
problematic because the VIF values for almost all variables across all sample sizes significantly exceed the
threshold of 10, this indicates that the intrinsic correlation structure causes problems even with more data, this
shows that the estimations of the individual regression coefficients may be unstable or incorrect. The value of Log
Los and AIC will be examined to determine which method best controls the multicollinearity in this study, if the
Log Los and AIC value is close to zero then, the technique will be the best. The Log Los and AIC values of ridge,
lasso, and elastic net binary logistic regression under multicollinearity in the model on various sample sizes are
displayed in Table 2.

Table 2. Log Loss and AIC of Ridge, Lasso and Elastic net for all sample sizes studied.

Model Sample size Log Loss AlIC
20 0.2060 18.5387
Ridge 50 0.1118 21.9486
100 0.1159 30.1822
200 0.1102 47.8914
300 0.1398 63.4968
20 0.0213 4.0167
Lasso 50 0.0442 4.6455
100 0.0053 4.5810
200 0.0474 6.3639
300 0.0483 13.4020
20 0.0278 16.0304
. 50 0.0418 18.6965
Elastic net 100 0.0172 16.7611
200 0.0296 15.9906
300 0.0513 21.3568

From Table 2, ridge logistic regression model consistently demonstrates the highest Log Loss and AIC
values compared to both lasso and elastic net across all sample sizes, ridge logistic regression model has the
greatest Log Loss values, ranging from 0.1102 to 0.206. The AIC values for ridge logistic regression model
increase dramatically as the sample size expands (from 18.5387 at n=20 to 63.4968 at n=300), showing that its
relative model complexity or poor fit worsens with larger datasets in this context, this indicates that the ridge
logistic regression generally provides a lower fit, a higher error rate, and a more complex model. In terms of both
measures, the lasso and elastic net logistic regression models consistently produce far lower Log Loss and AIC
values than the ridge logistic regression model. Across all sample sizes, lasso typically exhibits very low Log
Loss; the lowest value of all models was found with a sample size of 100 (0.0053), the AIC values for lasso are
consistently the lowest among the three models for most sample sizes, showing it often delivers the most
parsimonious (least complex) and best-fitting model. Elastic net's performance is competitive with lasso,
consistently demonstrating low Log Loss and AIC values. Its measurements are nevertheless significantly lower
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than those of the ridge logistic regression model, while often slightly higher than lasso best performance, its
measurements remain much lower than ridge logistic regression model.

To offer clearer findings about the ridge, lasso and elastic net techniques in overcoming high multicollinearity for
all sample sizes, we evaluated the Log Loss and AIC values of the three methods as shown in Figures 1and 2.

0.20
0.15
Model
@
o . Elasticnet
= 0.10
e . Lasso
e |
. Ridge
0.05
0.00
ni n2 n3 n4 ns

Figure 1. Log Loss of Ridge, Lasso and Elastic net for all sample sizes studied.

60

il

ni n2 n3 n4 ns
Figure 2. AIC of Ridge, Lasso and Elastic net for all sample sizes studied.

AlC

o

The lasso logistic regression model was the most successful under high multicollinearity for all sample sizes,
based on the values of Log Los from figure 1 and AIC from figure 2. This supports the conclusions drawn from
the above table.

4. Conclusions

Based on the simulation results for eight independent variables (P=8) and the number of data (n=20, 50, 100, 200
and 300) containing severe multicollinearity between independent variables, multicollinearity problems can be
resolved with the Lasso logistic regression model. Overall, lasso emerges as the superior model in this specific
scenario based on the provided metrics, consistently offering the lowest Log Loss and AIC. Elastic net is a strong
alternative, while the ridge logistic regression model appears to be the least effective model among the three for
this study.

Since the lasso and elastic net models performed similarly in this study, the researcher generally suggests using
the lasso model when the study calls for extreme simplification of the model, and the elastic net model when the
study requires maintaining a balance of related variables.
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