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Abstract

This study investigates the spectrum and fine spectrum of the generalized difference operator A®? acting on the
sequence space bv,. Although previous research has explored similar operators, the specific spectral properties
of A% on b, have not been fully established. This work extends the existing literature [5] by providing a detailed
characterization of these spectral sets and offering a comparative analysis between the new results obtained for
the upper triangular operator A%’ and previous findings regarding the lower triangular operator A4, on the same
space bv,.This research connects these theoretical results to a practical challenge in atmospheric physics,
specifically the vertical analysis of ozone distribution and the dynamics of the Ozone Hole. By leveraging the
spectral properties of the generalized difference operator A*? within the space bv,, we construct a mathematical
framework capable of diagnosing density fluctuation and evaluating system stability. This application provides a
practical context for our results, showing that the proposed operator is not only mathematically sound but also
useful for describing complex environmental dynamics

Keywords: Spectrum, infinite matrices, sequence spaces.
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1. Introduction and basic concepts

The study of the spectra of linear operators is of fundamental importance in functional analysis, as it
generalizes the concept of eigenvalues to infinite-dimensional matrices. Spectral values play a crucial role in
diverse fields, including linear algebra, differential equations, quantum mechanics and geometry. Determining
spectral values is essential not only for theoretical development but also for practical applications, such as
analyzing financial data, signal processing, image reconstruction, and understanding resonance dynamics in
machine learning.

The primary objective of this paper is to conduct a comprehensive spectral investigation of the upper
generalized difference operator A% on the sequence space bv,. Analytically, the operator A%: bvy — by, is
defined by

A x = (ag x + b X1 Dieeor X = (Xi)i=o € bV,

and can be represented by the upper triangular double-band matrix

a by 0 O
0 a4 b O
A%=10 0 a, b, --| (1.1)

0 0 0 a,

where (a;) and (b)) are convergent sequences of nonzero real numbers such that

lim a;, = a and Ilimbkzb;to.

k—oo

To guarantee the boundedness of the operator A®? within bv,, we necessitate the following variation
condition.

Sllép Yial(a; —aimg) + (b — bi—y)| < o (1.2)

This work complements and extends previous studies, specifically the determination of the fine spectrum of
upper triangular double-band matrices over the sequence spaces ¢, (1 < p < ) and {: by A. Karaisa [7,8], the
investigation of generalized upper double-band matrices A*” over the sequence space £ by J. Fathi and R.
Lashkaripour [6], and the study of the fine structure of spectra of the operator A%? over the sequence space €y,
where 1 < p < « by S. EI-Shabrawy and S. Abu-Janah[4], (see also [3,9,16]).

The definitions of some sequence spaces are needed in this work.

Definition 1: The sequence spaces bs of bounded series and bv, of all sequences of bounded variation are
defined as follows:

bs = {x = (X )p=o € W: X € C, sup|Xi_oxxl <},
neN
bvy = {x = (X)) r=0 € W, x;, € C,such that ,lgrolo X =0, YriolXesr — x| < oo}
equipped with the norms:
llxllps = i‘égmzzo Xl Nxllpwy = XkzolXksr — il

where w is the set of all complex sequences and C denotes the complex field [11,17].

If T isan operator on a space X into itself, the spectrum o (T, X) is analyzed into three disjoint sets: the
point spectrum o, (T, X), the residual spectrum a,.(T, X), and the continuous spectrum o, (T, X), see more in
[13].

An advantage of this classification is the division of the spectrum into disjoint sets.
o(T,X) =0,(T,X) Vo (T, X) VU o, (T,X).

Another classification of the spectrum is also considered, see Taylor and Halberg [14,15]. In this
framework, the spectrum is subdivided into finer classes, we specifically focus on the class 11,(T, X).

446 | AJAPAS: Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



Three more subdivisions of the spectrum can be defined: the approximate point spectrum o, (T, X), the
defect spectrum o5(T, X) and the compression spectrum o, (T, X), see [2].

The following lemmas are established to support the subsequent proofs regarding operator boundedness
and spectral properties of A% on bv,,.

Lemma 1: If T is abounded linear operator on a Banach space X into itself, then
o (T, X) = Up(T*,X*)\ap(T,X).

Lemma 2: [15, Page 59]. If T is a bounded linear operator on a normed space X into a normed space Y,
then T has a dense range in Y if and only if (T*)™* exists.

Lemma 3: [15, Page 60]. T has a bounded inverse if and only if T* is onto.

Lemma 4: [12, Formula 111] An infinite matrix A = (a,x) ,n =0,k = 0 defines an operator T €
B(bvy) if and only

0] Ilim a,, =0,forallk e N.
(i) ”A“va: = Sl,\l,p Z;?=0|Zﬁ=o(ank - an—l,k)| < 0o,

where N is the set of honnegative integers.
2. Main results
The boundedness of the operator A*? on the sequence space bvo can be proved as follows.
Theorem 1: The operator A%?: by, — bv, is a bounded linear operator.
Proof. We can arrive at the conclusion by applying Lemma 4.

The operator A? can be represented by the matrix in (1.1). Obviously, it is linear and lim c,;, = 0, for any
n—-oo
k € N. Additionally, let

Ay = Z?f:omllgzo(cnk - Cn—l,k)| ,n € N.
For N = 0, we have
Z?lo=0|212=0(cnk - Cn—l,k)|

= |a0_0|+|0_a0|+0+"‘

Ao

= 2|a0|.
For N =1, we have
A = Z?Lc’=0|2}%t=0(cnk - Cn—l,k)|
= |a0 + bol + |(a1 - ao) - bol + |a1|.
For N = 2, we have
Az = Z;O=0|Zi=0(cnk - Cn—l,k)|
= |a0 + bol + |(a1 - ao) + (bl - bo)l + |(a2 - a1) - b1| + |a2|.
For N = 3, we have
Az = Z?:olZzi:o(an - Cn—1,k)|
= |ao + bo| + |(a1 — ao) + (b1 — bo)| + |(az — a1) + (b2 — b1)| + [(as — az) — b,|

+|as.
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Then, by induction, we have
Ay = |ao + bo| + |(ay — ap) + (b1 — by)| + [(az — a1) + (b2 — by)|
+ -+ [(@y-1 — ay-2) + (by-1 — by-2)| + [(ay — ay-1) — by + lay|
< lao + bo| + Xol(a; — ai_1) + (b — bi_y)| + |by| + |ay],

forall N >1.So
N
supAy < suplag + bol +5up ) [(@ = a;1) + (b = bi_p)| + suplby| + suplal,
N N N =0 N N

The convergence of the sequence (a,) and (b), and the condition (1.2) imply that sup Ay < . m
N

The point spectrum of the operator A%? can be investigated as follows.

Theorem 2:
0,(AY ,bvy) ={1€ C:|A—a| < |b]}UE UA,
where
A= EeC|A~al = b, T7o [~ 1| M 5 < o, (2.1)
and E is given as
E ={ay:k €N, |a, —al > |b|}. (2.2)

Proof: Suppose that A% x =Ax for x = (xo,X1,%2,..) # 8 in bv,. Then, by solving the system of
equations

ApXo + ngl = AXQ

Axq

ai;x1 + bix,

AzX2 + bzX3 = AXZ
QX + bXppr = Axy

we have
Xps1 = %xk,k €N,
and 1 = ay is the eigenvalue corresponding to eigenvector x = (xo, x1, X2, ..., Xk, 0,0, ...) With xo # 0. Then
{ax:k € N} S 0,(AY , byy).
On the other hand, if A # a; forall k € N, thenx;, # 0 forall k € N, so, if
Ae {AeC:|A—al <|b]}, then

Xk+1

= lim

k—oo

lim
k—oo xk

|/1—ak|

|/1—a
by,

b

<1,

SO Ilimxk = 0. Also, if 1€ A,thatis |[A—a|=|b| and

A-a —_1A—a;
YheolXk+1 — Xkl = ZZO=0| bkk - 1| |1_H""=o1 b.l < oo.
L
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Thus x = (xx)5=o € bvy. SO We can take x € by, x # 6 with A% x = Ax, thatis
L€ 0,(AY , bvy).Hence
{AeC:|A—a|l<|b}JUEUAC 6,(A™ ,bvy).

Conversely, let 1 € 0,(A™ ,bvy), then, there exists x = (x)j=o € by, x # 6 such that A% x = Ax.
Then

Xk+1

Xk

__|A-a
b

|A—ak
bk

<1

= lim

k—o0

lim
k—o0

Consequently, 1€ {A€ C:|[A—a| < |b]} or |A—a|=|b|. Inthe case where

|2 —a| = |b|, we musthave Y _o|xre1 — Xxi| < o0, thatis

Sio [ - 1| IS 5 < oo,
So 1 €A
Also 2 € E. Then
0,(A% ,bvy) C{AEC:|A—a| <|bJUEUA. m
Theorem 3:
0,(A*,bv,") = E UB,
Where E is given asin (2.2) and
B = {aﬁj €N, |a;—a| = Ibl.nzsrg?+1 Zﬁ:mm( {-‘=m,.ﬁ) < 00}, (2.3)

Where m; € N for any fixed j € N with a; # a, such that a; — a, # 0 forall k > m;, (so,if |a; —a| =
|b| # 0, then there exists m; € N such that a; — a, # 0 forall k > m;).

Proof. Consider A" f=2Af for f = (fo, f1,f2 ) # 6 in bvy" = bs [11]. Then by solving the system of
equations

(ao—=A)fo = 0
bofo+ (a1 —)f1
b1f1+ (az —A)fz

I Il
o o

bifi + (ags1 — Dfesr = 0.

we obtain

freer =

bk

A=aje4q

fk’ kZO.

Itis clear that, if A & {a;:k € N}, we have f, = 0 forevery k € N.

So A & 0,(A™*, bv,"). Also, if 1 = a, this implies that the sequence f = (f;) is not convergent, thatis 1 ¢
0, (A%, by, ™). Thus

0, (A%, bv,") € {ay: k € N}\{a}.
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Therefore, if 1 € ap(Aab*, bv,"), then 1 = a; # a for some j € N and there exists

f € by, f # 0 such that A®?* f = a;f . So, we have

bk

aj —Qg+1

b

aj —-a

fr+1

[k

= <1

= lim

k—o0

lim

k—oo

This implies that A = a; € E or |a; — a| = |b|. Inthe case when |a; — a| = |b]|, we have

bk—lbk—z bm—l

(¢ —ar)(aj —ag-1)(a; —ax_3)

b
i-1
= _ , k = m.
fm lnaj—ai

l=m]'

sz fm—l

So sup[Xk=o fil <o if
nz0

sup < oo

Tlij+1

k bi_y
Zz:mi"‘l ( i=m; aj—ai)
Thus o,(A®*,bv,") S E UB.

Conversely, let 1 € EUB. If 1€ E, then there exists i € N such that 1 = a; # a and so we can take
f # 0 suchthat A% f = q;f and

b
a]' -a

frt1| _

Tk

lim

k—oo

<1,

that is f € bv," = bs. Also, if 1 € B, then there exists j € Nsuchthat 2 = a; # a, |a; —a| = |b| and

n k bi_q
k:mj+1 L=m]- aj—ai

Then, we cantake f € bv," = bs, f # 6 such that A%* f = q;f .

sup < oo, for some m € N.

n2m1'+1

Thus E UB S 6,(A%*, bv,"). m
Theorem 4: Without canceling the general situation, we may assume additionally the following condition:
laj —a| # |b], forall j €N.
In this case B = @. So, we have
0,.(A%, bvy) = @.

Proof. The proof obtained by lemma 1 and theorems 2, 3.

Remark: In general situation, without the condition
la; —a| # |b|, forall j €N,
so, B # @. Then
0,(A%, bvy) = B\({A € C:|A —a| < |b|} U A).
Theorem 5:
11,(A%,bvy) = {1 € C: |1 —a| = |b|}\4,

where A isgivenasin (2.1).
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Proof. If A€{A€C:|A—a|=|b|}\A, then A€ a,(A%, bvy), so (A®P— A" exists. Since
0, (A", bvy") € 0,(AY, byy), then (A®P*— AI)™" exists, so by Lemma 2, (A" — AI) has a dense range and
then we must show that (A®?*— AI) is onto for |A — a| > |b| because A & g,(A%, bvy). Also, if (A"~
AD™ = (cpi), Where (¢, is represented by the matrix in (1.1), then Y5>, |xx| < sup Ry Yoeo ¥k |, Where
k

R, = 1 |bk—1| |bk—2| |bk—1| |b0| |b1| |bk—1| Kk
T lag = Al lag—s — Al lag = Al lag—z = Al lag—; — Al lag — Al lag — Al lay = Al -+ lag — Al
€ N.
ince Tim | 2| = | b i bi
Since ’11_{2) ak—;\| = |a—x | <1, (| oy | # 1), then, there exists ko € N and d < 1 such that |ak—x| <d,

forall k = k. Then, for each k > ko, using the similar arguments in the corresponding theorems in[1,7], we
get

Rk S ; [1 + d() + doz + + dok_kohk ]’
lag—1=Al 0

e =14 |brg-1l |breg—1] |breg—2| |bro—1] |brg—2|Ibol
ko lakg-1=A  lakg-1=2| |aky—2-2| |akg—1=A| |akg—2—2A| lag—2Al"
)
h
R < —[1+do + do? + - + do* o).
lag—Al
d1h 1 1
Then R, < 11 ;", for all k > max{ko, k,}, where d; < oy d; € R and Py <d forall k=ky ki€
“do -

N. Thus sup R, < o, which leadsto Y-, |xx| < o, S0
k

| Zhe=o X | < Xe=o 1%l < Mo [Xie] < oo
Thus sup | XR_oxx | < oo, thatis x = (x )= € bs. Hence (A%*— AI)™* isonto for |2 —a| > |b|. Then
by Lemman3, (A% — AI) has a bounded inverse if |1 —a| > |b|.
So A € I1,(A%, bvy). Then
(A€ C:|A—al = |b[}\A c 112(6%%bvo),
The second inclusion can be proved analogously. m
Theorem 6:
0.(A® bvy) = {1 € C: |2 —a| = |b|}\4,
where A is given as in (2.1).
Proof. The proof may be obtained by the relation
0. (A%, bvy) = I1,(AY, bry). m
Theorem 7:
o(A%, byy) ={leC:|[A—a| < |b]JUE
where, E isgivenasin (2.2).
Proof. The proof is obtained by theorems 2, 4, 6 and relation
(A%, bvy) = 0,(A®, bvy) U 6,(A, bvy) U 6.(A™, bvy). m
Consequently
HI, (A%, bvg) = HI,(A, bvy) = 0, since o, (A%, bv,y) = 0,
and I,(A%, bvy) = @, by the closed graph theorem.
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Theorem 8:

1. (A%, bvg) U II3(A%, bvg) = 0,(AY, bvy) \ 0, (A", by, ")
={1€C:|A—a| <|b]}U (A\B),

2. HI5(A%, bvg) = 0,(A%",bv,") = E UB,

3. 04,2, bvy) ={AEC:|A—a| < |B]}VE,

4. 0.,(A,bvy) =EUB,

5. 0 §(AY,bvy) = [{1 € C: |2 —a| < |b|} U E]\Is(A%, bvy),
where, E, A and B are given as in (2.2), (2.1) and (2.3), respectively.

To demonstrate the theoretical findings established in Theorems 2, 4, 6 and 7, we present a numerical case
for the operator A%? on the sequence space bv,.

Example 1. Let (&) = (1LL1,...), () = Go5,.-.)- Then, a=1, b=-.

According to the conditions established in our previous theorems, the point spectrum is determined by

finding A € C such that the equation (A% — Al)x = 0 has a non-zero solution x € bv,. This leads to the
recurrence relation:

(=D + %01 = 02 Xpyq = 204 — Dixg.

For x € bv,, the sequence must satisfy llim x,, = 0 and be of bounded variation. This occurs when
[2(1—1)] < 1. Thus,

1
0, (A%, bug) = {/1 €ECI-1| < E}'

the characterization of the residual spectrum is one of the key findings of this study, we observe that the
range of (A®— AI) is dense in bv, for all 1 € o (A, bvy)\a, (A, bv,). Consequently, we verify that

Oy (Aab: bvo) =0,

the continuous spectrum consists of the boundary of the disk where the operator is not invertible but has a
dense range. So,

08, bvg) = {2 € C:]2-1] =1},
the total spectrum of the operator is the closed disk
b _ S — 1
o(A%,bv) ={rec: -1 <1}
3. Application of the main Results: Insights into Ozone Distribution

Following the theoretical development established in the previous sections, we apply the spectral results of
the operator A%? on by, to a practical application. By representing the ozone density at different altitudes as a
sequence x = (xy)r=o € bvo, this mathematical structure helps us study ozone distribution, where the condition
;lilg, x;, = 0 shows how ozone density drops continuously due to pressure decay. At the same time, the bounded

variation property ensures vertical profile stability, meaning that ozone levels do not show sudden changes
between adjacent layers. To analyze these interconnected atmospheric layers, the operator A%? limits the density
variations by assuming that chemical exchange at index k only influences the immediate succeeding state k + 1.
The main diagonal coefficients (a,) represents independent local factors, such as ozone production and
destruction rates within the same layer, while the superdiagonal coefficients (b, ) determines the transport and
continuous diffusion process. This mathematical structure gives clear physical results through spectral
classification. The point spectrum represents resonance states and isolated zones of static equilibrium, where
discrete eigenvalues correspond to specific altitudes experiencing either a notable increase in baseline ozone or
sudden chemical destruction. Conversely, the continuous spectrum describes continuous, macroscopic dynamical
phenomena that extend across different layer boundaries, such as free gas diffusion driven by wind fields, rising
thermal currents, and sequential photochemical chains. Lastly, the residual spectrum covers unsteady states and
total energy loss within the system due to external disturbances, where the injectivity of the operator ensures this
component contains no eigenvalues, representing localized perturbations that lack a dense range, fail to span the
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entire atmospheric domain, and prevent standard resonance. The physical information and data regarding ozone
distribution used in this application are obtained from London [10] and WMO [18].
1

Example 2. Let a, =1+ e* and b, = 5(1 - ﬁ) k=01.2,...

. . 1
From these sequences, we have a = lim a, = 1and b = lim b, = -.
k—o k—oo 2

The set E, defined by the condition |a, — a| > |b|, yields E = {2} since the condition e™® > 0.5 is
satisfied only for k = 0. Furthermore, the set A is found to be empty (A = @) because the series associated with
the coefficients in (2.1) does not converge for any A on the boundary of the disk for this specific structure.

Consequently, the point spectrum is determined as op(A“b,bvo) = {A eC:1-1|< %} U {2}, suggesting

resonant states at specific altitudes where chemical depletion is significant. As a direct application of Theorem 4,
the residual spectrum is empty (o, (A, bvy) = @) since |a; — a| # |b| for all j € N and 4 = @, implying that
the range of the operator is dense in bv,.

The continuous spectrum is identified as the boundary o,(A%?, bv,) = {/1 eEC:|A-1| = ;} and the total
spectrum is represented by the closed disk o (A%, bv,) = {/1 eECIA—-1| < i} U {2}.

Conclusion and Recommendations:

In this study, we have determined the spectrum and its fine subdivisions for the double-band operator A%?
on the sequence space bv,. Our results show that the spectral boundaries are defined by the limit points of the
involved sequences. These results represent an initial effort to apply pure mathematics in describing atmospheric
phenomena, such as the distribution of the ozone layer in the atmosphere, offering a basis for developing more
advanced operators in future studies, such as quadruple-band operators. By looking at the limit points, we can try
to better understand how ozone concentrations change and how they are layered, which may assist researchers in
atmospheric physics during data analysis. Accordingly, it is recommended to further generalize the investigated
operator by increasing its diagonal complexity. Such an expansion toward multi-diagonalization can be used to
offer a flexible mathematical tool for characterizing non-linear shifts in ozone distribution, while specific
structural conditions on its defining sequences can directly enhance the precision of multi-layer atmospheric
transport flux simulations.
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