African Journal of Advanced Pure and Applied

A %, Sciences (AJAPAS)

~@ g .’ Online ISSN: 2957-644X
“- =" Volume 5, Issue 3, 2026

AJAPAS Page No: 248-262

Website: https://aaasiournals.com/index.php/aiapas/!ndex
ISI1 2025: 1.126 SJIFactor 2024: 6.752 1.62 i) 80 Jalaa

ANAT

Some results on Fixed Points of non-expansive mappings

Abdullah Khalifa Saeed Ali *
Department of Mathematics, Faculty of Science, University of Benghazi, Benghazi, Libya

Ao gil) e ) gall AEY Jalaitly ddlatial) ) Gany

T e dan Al Al e
Ll e(g 3l ¢ Jbaky Anals ¢ slall A0S cctilpaly )

“Corresponding author: aa7697926@gmail.com

Received: May 02,2026 |  Accepted: July 28,2026 |  Published: August 13, 2026

Abstract
This paper investigates the crucial role played by the star-shaped subsets of the underlying domain in guaranteeing

the existence of fixed points for non-expansive mappings. It presents a comprehensive survey of several
fundamental methods and analytical techniques that have been developed for the study of non-expansive mappings
and their fixed point properties. Furthermore, the paper highlights the close and profound relationship between
the structure of Banach spaces and the applicability of fixed point theorems, demonstrating how specific
characteristics of these spaces significantly influence the existence, uniqueness, and behavior of fixed points under
non-expansive mappings.
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1.Introduction

The theory of fixed points has become one of the most influential and widely studied areas in modern nonlinear
analysis due to its extensive applications in mathematics and many related disciplines. Over the past several
decades, fixed point methods have played a central role in the development of both theoretical and applied
mathematics. Among the various classes of mappings considered in fixed point theory, non-expansive mappings
have attracted considerable attention because of their natural geometric properties and their close relationship with
the structure of Banach spaces. Unlike contraction mappings, non-expansive mappings preserve distances in a
weaker sense, making the study of their fixed points substantially more challenging. As a result, the existence of
fixed points for such mappings often depends on additional geometric properties of the underlying space or the
domain on which the mapping is defined. The development of fixed point theory for non-expansive mappings has
led to several fundamental results that establish sufficient conditions for the existence of fixed points in Banach
spaces. Important concepts such as convexity, weak compactness, uniform convexity, and normal structure have
proved to be essential in guaranteeing the validity of these results. These ideas have not only enriched the
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theoretical framework of functional analysis but have also inspired numerous extensions and generalizations in
more abstract settings. In recent years, research on non-expansive mappings has continued to expand, motivated
by new applications and by the search for broader conditions under which fixed points exist , see [1], [5], [8] ,
[10] and [12].

2. Preliminaries
In this section , we present some standard definitions, illustrative examples , related remarks and well-known
results that will be used throughout the remainder of this paper.
Definition 2.1. Let Xbe a linear space over the field of scalars Kand let E be a subset of X.
(1) Then E is called star-shaped with respect to a point x, € E if for every x € Eand
€[0,1],then (1 —t)x, +tx EE.

If x, =0, we say that Eis star-shaped with respect to the origin .
(i) Then E is called a convex set if for every x,y € Eand t € [0,1], then
1-t)x+tyekE.

Clearly, every convex set is star-shaped , however, the converse is not necessarily true .

Definition 2.2. Let Xbe a linear space over the field of scalars Kand let || .|| : X - R be a mapping such that
() Ihxll =0,
(ii) |l x| =0 ifandonlyif x = 0,
(i) laxll = lalllxl,

(v) lx+ yll < llx Il + I vl

forall x, y e Xand a € K.

Then the mapping || .|| is called a norm on Xand the pair (X,||. || ) is called a linear normed space, or

briefly a normed space.

Definition 2.3. Let (X, || . || ) be a normed space. A subset E of Xis called bounded if there exists a positive
constant M suchthat || x || < M forall x € E,
or equivalent,E is a bounded set if it contained in a ball B(0, M) centered at 0, where
8
B(O,M) = {xeX:| x| <M}

Definition 2.4. Let (X, || . || ) be a normed space. The sequence { x,, } in Xis said to converge to the point x
in Xif for each ¢ > 0, there exists a positive integer N such that

| x,— x|l < € forall n >N,
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or || x, — x|l - 0 a n - oo

The point xis called the limit of the sequence { x,, } and we write lim x, = x.
n-—- o

Itisdenotedbyx, —» xasn - oo

Definition 2.5. A subset E of anormed space (X, ||. || ) iscalled a closed set in Xif E contains all of its limit

points .
Thatis,ifx, e Eand x,, » xasn — oo, then x €E.

Remark. Let Tbe a mapping from E into itself and let I be the identity mapping . Then
(I-T)(E)= {(I-T)(x): x€E}.
If Eisaclosed set,then (I — T) ( E) need not be closed .

For example , let E = R which is a closed set .

Define a function T:R — R by
T(x)=x—e* (x ER).
Then (I-T)(x)= x—(x—e*) = e*.
So (I-T)(E)= {e*: x€R}= (0, o).
But (0, o) is not closed in R.

Definition 2.6. Let (X, ||. || ) be a normed space. Let The a mapping from Xinto itself. Then Tis said to be a
continuous mapping if any sequence { x,, }in Xsuch that x, — ximpliesthat T(x, ) — T(x).
Thatis, if || x, — x| — 0 as n — oo implies that

Il T(xn) — Tx)I| — 0 as n - o

Remark. Let The a continuous mapping . If lim x, = x, then
n — oo
T(x) = lim T( x,),
n — oo

more obviously , T is a continuous mapping if lim T( x,) =T(limx,).
n-—-w n-—w

Definition 2.7. Let (X, || . || ) be a normed space. A sequence { x,, } in X is called a Cauchy sequence if for
each £ > 0, there exists a positive integer Nsuch that

| o — x|l < € forall n, m >N,

or | x, — xxll - 0 as nm - oo
Definition 2.8. A normed space (X, || . || ) is called complete if every Cauchy sequence in Xis convergent to
an element in X. A complete normed space (X, || . || ) is called a Banach space.
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Theorem 2.9 [4] . Let (X, || . || ) be a Banach space and let E be a closed subset of X. Then every Cauchy

sequence { x,, } in E converges to a point of E.

Definition 2.10. A subset E of a Banach space (X, || . || ) is called weakly compact if for every sequence

{ xn } € E has a subsequence{ x,, } that converges weakly to some pointx € E.

The weak convergence means that x, — x ifandonlyif T(x, )— T(x) forevery T € X*, where

denotes the dual space of X.

Definition 2.11 . A bounded convex subset E of a Banach space (X, ||. || ) is said to be have normal structure
if every bounded convex subset Kof Ewith more than point contains a point x € K such that

sup|l x — y|| < diam(K) forsome x € K, where diam(K) = sup|l x — y|l .
YEK x,yEK

Definition 2.12. A Banach space (X, || . || ) is called uniformly convex if for every ¢ > 0, there exists § >

0 such that whenever x, y € Xsatisfy || x| <1,|lyll <1 and || x—y| =&, then

= <1-s.
2

Definition 2.13. Let Xbe a linear space over the field of scalars Kand let (., .): X X X — K be a mapping

satisfying the following properties :
(i) (x,x)=0,

(ii) (x, x)=0 ifandonlyif x=10

(i) (x,y) = (y, x),

(iv) (ax, y) = a(x, y),
(v) (x+y, 2) =(x, z2) + (y, 2),

forall x, y, z € Xand a € K.

Then (- , -)is called an inner product on Xand the pair ( X, (- , -) ) is called an inner product space .

Definition 2.14. A Hilbert space is an inner product space H that is complete with respect to the norm induced

by its inner product . The norm is defined by :
x| = «’ <x, x> (x€H).

Example 2.15 [7]. Let #2 denote the linear space of all sequences (x,, ) such that

Tao1 |xal® <o

Let x = (x1,%5,...),y = (¥1,¥2,...) € €% Theinner product on ¢* is given by
(x,y) = Xa=1  Xudn,
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and the induced norm is

1
I xll = (X7 |l )z

Then ¢ is a Hilbert space .

Theorem 2.16 [9]. Every Hilbert space is uniformly convex Banach space .

We now proceed to examine the concepts of contraction mappings and non-expansive mappings in greater
detail, highlighting their definitions, properties, and significance in the context of fixed point theory.

We recall the following standard definition.

Definition 2.17. Let Xbe a non-empty set and let T be a mapping from Xinto itself. If there exists an
element x in X suchthat Tx = x, then xis called a fixed point of T
For any given x € X, we define T"(x) by T™"(x) = T(T"(x)).

It clear that if x is a fixed point of T, then x is also a fixed point of T™for every positive integer n. That is ,
T"(x) = «x.

Let x, € X. The iterative sequence {x,} in Xis given by :
xn+1 = T(xTL) ( n = 051121"' )J
or

Xp = T(xn_1) (n

Il
[UnN
\S]

—

We construct a sequence depending on x,as follows :
x1 = T(xo)
T )= T(T(x)) = T?(x)

T(x; )= T(T*(x) ) = T°(xo).

X2

X3
By the same argument, we obtain

X, = T™"xy) (n=1,2,...).

Definition 2.18. Let (X, ||. || ) be anormed space and let E be a subset of X. A mapping Tfrom Einto itself
is called a contraction mapping f there exists k with 0 < k < 1 such that
I T)-TO)Il < kllx—yll forall x, ye E.
The constant k is called the contractivity coefficient .
The following provides a clear example of a contraction mapping .

Example 2.19. Let T: R — R be defined by

T(x) = six + 3.
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Let x, y € R.Then

IT@ =TI = 5 I x =yl

Thus T is a contraction mapping with k = 51

Lemma2.20.Let (X, ||.|l ) beanormed space. Then every contraction mapping from Xinto itself is continuous.
Proof . Let The a contraction mapping from Xinto itself . Then
I TC)—-TWII < kllx— yll forall x, ye€ X,

where 0 < k< 1.
Let (x,) beasequence in X. Then we have

ITC) — TN < kllx, — xll.

Let x, — xinX.Then ||x,— x || > 0 asn - .

Therefore ||T(x,)— T(x)|| - 0 asn - oo

Thus T(x,)— T(x) and hence Tis a continuous mapping .

Lemma 2.21. Let (X, ||. || ) be a normed space . If Tis a contraction mapping from Xinto itself with k is the
contractivity coefficient of T, then T™"is contraction for every positive integer n with k™, where k™is the

contractivity coefficient of T™.

Thatis, || T"(x) = T"W)|l < k™|lx— yl| forall x, y € X.
Proof . The proof is established by applying mathematical induction on n.
The following theorem gives the conditions for a contraction mapping to possess a unique fixed point.
Theorem 2.22[13] . Let (X, ||. || ) bea Banach space and let E be a non-empty, bounded and closed subset
of X. If Tis a contraction mapping from E into itself , then T has a unique fixed point in E
Definition 2.23. Let (X, ||. || ) be a normed space and let E be a subset of X. A mapping Tfrom Einto itself
is called a non-expansive mapping if
ITC)—TWI < llx—yll forall x, ye E.

We provide a few examples relating to the non-expansive mappings .

Examples2.24. (1) Let T: R — R be defined by

T(x) =3i(x +sin x).
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Let x, y € R.Then

ITC) =TI = TG -TW) |-

have

IT(x)—-TW) | = Bl(x +sin x)—3i(y+sin y)

Ssllx—y|+3i|sin x —sin vy

Since [sin x —sin y| < [x— y|,itfollows that
ITC)-T) | < = |x— vl

< Ix—yl.

Thus Tis a non-expansive mapping .

(2) Let C, be the space of all convergent sequences to zero with the following norm :
| x| =sup Ix| (=12,..., x€Cy).
Let B be the closed unit ball in C, . Define T: B — B by

T(xl,xZ,X3,... )= (1,x1,x2,... ).

Let x,y € C,. Then

x = (%q,%3,... Xp,... ) >0

and

y=Ouy2- Yoo ) 2 0.
Therefore

lx=yll =sup |-y | (=12..)

=sup {x—yil lxa—y ... (1.1
We have
Tx) = (1,x,x5...)and TW) = (L, yLY2--- )

Then

Tx)—=TW)= 0, =y, %2 = Y2+ ),
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and so
ITC) =TI = sup {0lx; =y | Iz =y2 l,... }
=sup {lxx—-nl 2=y ... } (1.2)
It follows from (1.1) and (1.2) that
ITC) =TI = Nl x=yl.
Thus T is a non-expansive mapping .
We now present some observations concerning the existence and uniqueness of fixed points associated with
non-expansive mappings.
Remarks (1) A non-expansive mapping does not necessarily have a fixed point..
For example :
As in example 2.24 (iii ), let B be the closed unit ball in the space C, .
Define T: B — B by
T(x1,x5,%5 ,... )= (1,x1,%x5,... ).
The fixed point equation is : . T(xq, X5, %3 ... ) = (X, X3, X5 ,.-. ).
Then (xq,x5,%3,... ) = (1,x1,%5,... ).
Therefore x;, = 1,x;=x,=1, x, =x3=1,...
Sowe have (xq,x5,%3,... )= (1,1,1,... ) & C,.
Thus Tis a non-expansive mapping but Thas no a fixed point in C,.
(2) A fixed point of a non-expansive mapping on a Banach space need not be unique
For example :
Let X = ([0,1] be the space of real — valued continuous functions on the closed

interval [0,1] equipped with the supremum norm :

I fll.o= sup | fF()I
x€[0,1]
Define

THE = [, fdt.

Let f,g C[0,1]. Then
ITF=Tg ll.= sup [, If(®)—g(®ldt
x€[0,1]

< [} sup If(®) - g()ldt
x€[0,1]
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=If = gll-
Thus Tis a non-expansive mapping .
The fixed point equationis  f(x) = fol f(Hadt.

Therefore every constant function is a fixed point . Thus the fixed point is not unique.

Lemma 2.25. Let (X, ||.|| ) be a normed space. Then every non-expansive mapping from X into itself is
continuous.

Proof . The result follows by an argument similar to the proof of Lemma 2.20.

Lemma 2.26. Let (X, ||. || ) be a normed space . If Tis a non-expansive mapping from Xinto itself , then

T™is non-expansive mapping from Xinto itself for every positive integer n.

Proof . The proof proceeds by induction on n.

3. Main Results

In this section , we introduce the main results of the present work that are related to non-expansive mappings. We
provide a detailed exposition of these results, including their proofs, underlying assumptions and mathematical

consequences.

Proposition 3.1. Let (X, || .|| ) be a normed space and let Ebe a non-empty subset of X. Let The a
contraction mapping from Xinto E with constant 0 < k < 1 and Pbe a non -expansive mapping from E
onto X. Then PTis a contraction mapping from Xinto itself with the same constant 0 < k< 1.

Proof . Let The a contraction mapping from Xinto E. Then
ITx)— TOHIl < kllx — yll forall x, y€ X,
where 0 < k< 1.

Let P be anon-expansive mapping from E into X. Then

IPCx)— PO Il < lfx— yll forall x, ye E.

Define (PT) (x) = P(T(x)) forall x.

Then || (PT) (x) = (PT) Wl = IP(T(x)) — P(T)II
< ITG) = T
< kllx = yll.
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Thus || (PT) (x) = (PT) Il < kllx — yll.

Hence PT is a contraction mapping with constant 0 < k < 1.

Corollary 3.2. Let (X, || .|| ) be a normed space and let Ebe a non-empty subset of X. Let T be a contraction
mapping from Xinto E and P be a non-expansive mapping from E onto X. Then (PT)™ is a contraction
mapping from Xinto itself for every positive integer n.

Proof . Let The a contraction mapping from Xinto E and P be a non-expansive mapping from E onto X. It
follows from Proposition 3.1 that PTis a contraction mapping . Thus (PT)™ is a contraction mapping (
Lemma 2.21).

Remark. In view of Lemma 2.20, the mapping (PT)™ is continuous.

Theorem 3.3. Let (X, || .|| ) be a Banach space and let Ebe a nonempty bounded and closed subset ofX. Let T
be a contraction mapping from Xinto E with constant 0 < k < 1 and Pbe a non-expansive mapping from E
onto Xsuch that Pis a retraction mapping ( P(x) = x for all x € E). If a sequence { x,}in E is defined as
follows :

xp = (PT)"(%0) (x €E),
then { x,} has a unique fixed pointin E.

Proof . Let T be a contraction mapping from Xinto E. Then

ITCx)— TOI < kllx — yll forall x, y€ X,
where 0 < k< 1.

Let xq,x; € E. Then
Il (PT)"(x0) = (PT)"(x1) Il = IIPT((PT)" ' (x0) ) — PT((PT)"*(x )l
< kIl (PT)" " (xo) — (PT)" ()l

< K2 (PD)" 2 (x0) — (PD)" 2 (x)l

< kMlx, — x| Thus
Il (PT)™(xo) — (PT)"(x1) II < k™llxo — x4l (3.1) Now, weshow { x, }isa

Cauchy sequence in E.

For any x, € E, the sequence { x,, } is defined as follows ::
xn = (PT)"(xo ),

Let m>0and n > 0with m >n, take m =n+ P.
It follows from ( 3.1 ) that

Ixn = %Il = || %0 = %y ||
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” (xn - xn+1) + (xn+1 - xn+2) +... + (xn+p—1 - xn+p) ”

< ” Xn — xn+1” + ” Xn+1 — Xnp42 ” + ...t ” xn+p—1 - xn+p||

=1 (PT)*(x0) — (PT)"(x) Il + 11 (PT)™ (xo) — (PT)™(xy) |l +

+ [ (PP (xo ) = (PTY™P7 (xy) I

SkMlxe — x4l +kn+1||x0 - xll + ... +kn+p_1” xo — xqll

=k + k" + L+ KPP xe — x|

=k 1+k+ ... +kP )| x, — x|l

kTL
S — lxg— %l (3.2)

1-k

Since E is bounded , so there exists M > 0 such that

lx;— xoll <M (x,— x, € E). Then

n
k

1-k

M.

the inequality (3.2) becomes || x, — x, || <

Since 0 <k< 1, sowehave k" > 0 as n > oo.
Therefore || x, —x, || » 0 as n,m — 0.

Hence { x, }isa Cauchy sequence in E.
Since E is a closed subset of a Banach space X, so the Cauchy sequence { x,, } is convergent to an element in
E (Theorem 2.9), say x.

Thatis, lim x, = x.Itfollows thatlimx,,, = x.
n — oo

n-— oo

By continuity of PT, we have
(PT)(x) = P(T(x))

= P(T(lim xy))

Lim P(T(xn))

lim P (xp41)
n-o

= limx,q

n-ow
= X.

Therefore (PT)(x) = x. Thus x is a fixed point of PT.

Now, we have to prove that such a fixed point is unique .
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Let x be another fixed point of PT Thatis, (PT)(x ) = x .
We have

lx=x || = 1P - P D@ ) |
Since PT is a contraction mapping , so

IPD)@) - P x| <kllx— x|,
with 0 < k< 1.
Soweobtain [x— x || < kllx— x |

Therefore (1 — k) |lx— x || < 0.
Since1 — k> 0, itfollowsthat [x— x || = Oandso x = x.

Hence xis a unique fixed point of PT.

The following classical and well-established results constitute a fundamental basis for the development of fixed
point theory for non-expansive mappings. They provide a variety of important conditions and assumptions under
which non-expansive mappings are guaranteed to possess fixed points.

Theorem 3.4 ( Kirk ) [11] . Let (X, ||.]| ) be a Banach space and let E be a non-empty weakly compact t,
convex subset of X. Assume that E has normal structure. If Tis a non-expansive mapping from Einto itself

then Thas a fixed pointin E.

Theorem 3.5 ( Browder ) [6] . Let (X, ||.]| ) be a uniformly convex Banach space and let E be a non-empty
bounded , closed and convex subset of X. If Tis a non-expansive mapping from E into itself , then Thas at least
one fixed pointin E.

Since every Hilbert space is a uniformly convex Banach space , the Browder theorem immediately yields the

following special case :

Theorem 3.6. Let Xbe a Hilbert space and let E be a non-empty bounded , closed and convex subset of X. If
Tis a non-expansive mapping from Einto itself , then Thas at least one fixed point in E.

Under the assumptions that E is a honempty, bounded, closed of a Banach space Xand E is star-shaped with
respect to the origin, and that (1 — T) ( E )is closed in X, we prove in the following theorem that the non-

expansive mapping T from Einto itself has a fixed pointin E.
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Theorem 3.7. Let (X, ||.|| ) be a Banach space and let E be a non-empty bounded , closed subset of X. Let E
be star—shaped set with respect to the origin. If Tis a non-expansive mapping from Einto itself . Assume that
(I — T) (E)is closed in X, then Thas a fixed point in E.

Proof . Let E be astar —shaped set with respect to the origin and Tbe a non-expansive mapping from Einto

itself . Then for each x € E, we definethe mapping T,, : E - E by

T(x)= (1—- 2)T(x) (x€En=2).

We have
IT.@) - Tu(»l=| a-3Hre.- a- 21|
= (-2 IT@ - T

< a-)lx - yl.
Thus T,, is a contraction mapping from non-empty bounded , closed subset E of Xand hence T,, has a unique
fixed point in E ( Theorem 2. 22),say x,. Thatis, T,(x, ) = x,.
Since E is bounded , so E is contained in a ball centered at 0 of radius r.
Therefore || T(x)ll < 7.

We have
” T(xn) - X ” = ” T(xn) - Tn( xn) ”

= |ree) - a- 21|

I TGl

INA
3|r
<

- 0asn - o.

Since x,— T(x,)€ (I — T)(E)and (I — T) (E)isaclosed setinX, so the limit of the sequence
belongsto (I — T ) ( E).

Thatis,0 € (I — T ) (E) .Thenthereexistsapointuin E suchthatT(u ) — u = 0 and hence

T(u) = u. Thus u is a fixed point of T.

Remark . The assumptions of the theorem 3.7 ensure the existence of fixed points but do not guarantee their

uniqueness.
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For example : Let X = R? with the usual Euclidean norm is defined by

|Gy |l = /xz +y2 ,forevery (x,y) € R

Then R?a Banach space.
Let E= {(x,y):x?+y?<1}.
Then E is a non-empty, bounded, closed, and star-shaped subset of R2with respect to the origin. Define T:E —
E by
T(x,y) = (x,0).
Let u = (xq,y;) and v = (x3,y,). Then
T(u) = (x1,0)and T(v) = (x3,0).

Therefore T(u) — T(v) = (x; — x,,0) and so

IT (W) — T@) = O —x2)?

= |x; — Xl

Also, we have u—v = (x; — x,,y; — ¥,) and therefore

llu— vl = \[(x1 —x)%2 + (1 —¥2)?* . Since

(1 —x)% < (x; —x)% + (y; —y,)? , taking square roots gives

lxy — x,| < \/(x1 —x2)* + (V1= ¥2)?
Thus |IT (W) = T@) || < [lu— vl
Hence T is a non-expansive mapping from Einto itself .
Wehave (I— T) (E)= {(0,y): |yl <1}
Hence (I — T ) ( E) isaclosed set in R?
The fixed point equation is T(x, y) = (x,y).So (x, 0) = (x,y).
Therefore the set of fixed points is{(x,0): |x| < 1}, which contains infinitely many fixed points . Thus the fixed
point is not unique even though all the hypotheses of Theorem 3.7 are satisfied .

Conclusion

Since the existence of fixed points for non-expansive mappings cannot be guaranteed in general, the
characterization of the structure of the underlying space and the properties of the domain are essential. This paper
reviews fixed point results for non-expansive mappings and emphasizes the significance of conditions such as
boundedness, closedness, convexity, and star-shapedness. These results illustrate the various connections between

the structure of Banach spaces and the fixed point theory of non-expansive mappings.

261 | AJAPAS: Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



Compliance with ethical standards
Disclosure of conflict of interest

The authors declare that they have no conflict of interest.

References
[1] M. Abbas, R. Anjum and N. Dismal . Approximation of fixed points of enriched asymptotically
non- expansive mappings in CAT(0) spaces. Rend. Circ. Mat. Palermo, |1, Ser, 2022 .

[2] R. Agarwal, M .Meehan and D.O'Regan . Fixed Point Theory and Applications Cambridge.
University Press , 2001.

[3] A. Ahmad and M.Shakil, Some fixed point theorems in Banach spaces .Nonlinear Funct. Anal and
Appl , 11343-349, 2006.

[4] F. Albiac and N. Kalton . Topics in Banach Space Theory. Springer , Second Edition , 2016.

[5] V. Berinde and M. Pa”curar. Approximating fixed points of enriched contractions in Banach
spaces. Journal of Fixed Point Theory and Applications. 22(2) , 1-10, 2020.

[6] F. Browder . Non-expansive nonlinear operators in a Banach space. Proceedings of the National
Academy of Sciences of the United States of America, 54 (4), 1041-1044 , 1965.

[7] K. Davidson . Functional Analysis and Operator Algebras. Springer Nature , Switzerland , 2025.

[8] B. Dehaish and R . Alharbi . On fixed point results for some generalized nonexpansive Mappings .
AIMS Mathematics , 8 (3), 5763-5778, 2023.

[9] K.Goebel and S.Reich . Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings .
Marcel Dekker, New York , 1984.

[10] N. Hussain, H.Alamri and S.Alsulami . Fixed point approximation for a class of Generalized non-
expansive multi-valued mappings in Banach spaces. Arabian Journal of Mathematics , 12,
363-377, 2023.

[11] W. Kirk . A fixed point theorem for mappings which do not increase distances American

Mathematical. Monthly, 72(9) ,1004 —1006, 1965.
[12] M. Osilike and S. Aniagbosor . Weak and strong convergence theorems for fixed points of
Asymptotically non-expensive mappings. Mathematical and Computer Modelling , vol. 32,
no. 10, 1181-1191, 2000.

[13] S. Reich . The Fixed Point Property for Non-Expansive Mappings . American Mathematical
Monthly, 87(4), 292-294. 1980.

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of
the individual author(s) and contributor(s) and not of AJAPAS and/or the editor(s). AJAPAS and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions, or
products referred to in the content.

262 | AJAPAS: Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



