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Abstract:

In this paper, we investigate the existence and uniqueness of monotone solutions for a class of fractional
differential equations in the Banach space L!. The considered problem involves fractional-order terms with
multiple non-independent components, which allows us to formulate the problem in an appropriate integral form.
By constructing a suitable operator associated with the corresponding integral equation, we establish the existence
and uniqueness of solutions under appropriate assumptions on the nonlinear terms and the fractional operators.
The proof is mainly based on the theory of measures of nhoncompactness and an appropriate fixed-point theorem.
Consequently, the existence of a unique monotone and non-decreasing solution in L is established.
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Introduction

In recent decades, fractional calculus has emerged as a powerful mathematical tool due to its ability to describe
memory effects and hereditary properties in various physical, biological, and engineering systems. In particular,
fractional-order differential equations provide a more realistic modeling framework for complex phenomena than
classical integer-order differential equations. Among these formulations, Bagley—Torvik-type problems have
attracted significant research interest owing to their extensive applications in real-world phenomena, particularly
in modeling the motion of rigid plates submerged in Newtonian fluids and depicting viscoelastic behaviors in
materials [11].
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The classical Bagley—Torvik equation traditionally combines integer-order derivatives with fractional derivatives
of order 1/2 or 3/2. Over the years, various fractional operators have been developed and analyzed, including the
Caputo, Riemann—Liouville, Hadamard, and Hadamard—Caputo fractional derivatives [1,9]. More recently,
generalized fractional derivatives, most notably the Hilfer fractional derivative, have gained substantial attention.
The Hilfer operator encompasses both the Caputo and Riemann—Liouville derivatives as special limiting cases,
thereby offering a unified and flexible framework to study non-local behavior in differential equations.

Despite the extensive literature on Bagley—Torvik-type equations, analyzing the existence and uniqueness of
monotone solutions within non-reflexive Banach spaces, such as Ly, presents significant analytical challenges due
to the lack of compactness properties. To overcome this difficulty, the technique of measures of noncompactness
combined with appropriate fixed-point theorems has proven to be an indispensable approach [2,5,7].

In this paper, we establish the existence and uniqueness of a monotone (non-decreasing) solution for a generalized
Bagley—Torvik-type fractional differential equation involving the Hilfer fractional derivative within the Banach
space L,(0,1). By converting the boundary/initial value problem into an equivalent nonlinear integral operator,
and by applying the measure of noncompactness technique alongside a suitable fixed-point theorem, we obtain
rigorous conditions ensuring the existence of a unique non-negative, monotonic solution.

Definition 1:

Bagley-Torvik problem it is a second-order differential equation that contains a fractional derivative and its known
formula:

aD%x(t) + bD¥2x(t) + cx(t) = f(t, x(t))
Initial conditions

x(0) =x,, x(0)=x
where D3/ is a fractional derivative.

It was chosen ¢ = 3/2 not random. because this test provides a suitable mathematical framework for analyzing
the equation and allows, converting it into an integral equation and studying the existence of a solution for it using
the fixed-point theory.

Definition 2:

Let « € (1,2),8 € [0,1],f € L, and (I*=P@=®f)(t) € AC*(I) The Hilfer fractional derivative of order
a and type B of f is defined as:

2
(D“PF)(t) = (lﬁ(z—a) %1(1—5)(2—“) f) () forae tel, 1<a<?2.

There are special cases that must be mentioned

When g = 0 we obtain the Riemann-Liouville derivative:

a,0 dz (2-a)
D'f(t)=?1 f@®.

When g = 1 we obtain the Caputo derivative:

DU f(t) = 1379 d—zf 0)
dt? '

54 | AJAPAS: Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



Therefore, the initial conditions with Hilfer are given in the following form:
d
[(1—ﬁ)(2—a)x(0) =x,, E(](l—ﬁ)(Z—a)x)(o) = x,.

Theorem 1. (Emmanuele’s Fixed Point Theorem) [7]

Let Q be a nonempty, closed, bounded, compact in measure and convex subset of a real Banach space L, (0, 1)
and T : Q — Q be B —condensing

i.e. itis continuous and have the property that there is a constant & € [0, 1) such that 8(TX) < &B(X) for any
subset X of Q, where B(X) is the De Blas measure of weak noncompactness given by

BX) = lel_r)r(} supxex(supD [fDlx(t)ldt: D c (0,1),meas D < ED

Then T has at least one fixed point in Q.

Theorem 2. (Lebesgue's Dominated Convergence Theorem) [10]

Let {fn} be a sequence of real-valued measurable functions defined on a measurable set E. Suppose that the
sequence converges pointwise almost everywhere on E to a function f, i.e., f,(x) = f(x) a.e.onE.

If there exists an integrable function g € L;(E) such that
£, < 900

for all n and almost everywhere on E, then f is integrable (f € L,(E)) and

limf fndx=f f dx.

In the following Lemma, we indicate some important properties of the fractional integral operators
Lemma 1. (Semi-group property) [15]

Leta,B > 0.If f € L,[0,b], then I*IPf(t) = IFI*f(t) = I**Pf(t) is satisfied at almost every point t €
[0, b] This property is true in any point if f € C[0, b] In general, we have

(I f(t): =141 - 1°£(t) = I"f(¢), a.e. in[0,b],n=1,2
Lemma 2. (Boundedness and continuity of I*) [8]
Let « > 0. Then the following holds

1.1%:L,[0,b] - L,[0,b] is bounded linear (hence continuous) operator for every p € [1,00]. That is, the
fractional integral operator maps Lp[O, b] continuously into itself. In particular, if 0 < & < 1,then I%*:L,[0,b] =

L1/ [0, b] however small € > 0 is.
(1-a)-€

2.1*:C[0,b] - CJ0, b] is bounded linear (hence continuous) operator.

That is, the fractional integral operator maps C[0, b] continuously into itself. In addition,

1£(0): =1t:n(} 1“f(t) = 0.
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Lemma 3. (Preservation of nonnegative nondecreasing functions) [8]

The fractional integral operator maps, nonnegative a. e. nondecreasing functions continuously into a function
of the same type.

The existence of a unique monotonic solution to a fractional differential

The existence of a unique monotonic solution to a fractional differential equation with multiple non-independent
terms within the Banach space of integrable functions. In our proof, we rely mainly on the concept of
noncompacting measurement and the fixed-point theory of G. Emanuel the focus here is on proving existence of
non-decreasing solution to this class of non-independent polynomial differential equations of the type.

Ax”(t) + BD3/2Bx(t) + Cx(t) = f(t,x(q)(t))) a.e. te (0,1)

d 1)
107P72%(0) = xo , 3 [1%7P72]x(0) = x,

Where 0 < B <1, D328 Itis a Hilfer operator of order 3/2,and A > 0, B,C < 0.
Definition of the Hilfer operator
D3/2Bx(t) = 1 /2 [1(1 BY/2x (1))

Dividing the equation by A (where A # 0), we obtain:

B
X(9) + 5 D¥2Px(0) + 5 X(t) (t x(p(®))

We apply the fractional integral I? to both sides

B C 1
2 () + 4 12 D¥2x(0) + T 12 x() = 212 £ (6 x(0 () )
We calculate the first term

12 x° () = x(t) — x(0) — tx'(0)

Using the initial
d2
3/2, — 2 1- 2
D3/2Bx(t) = 1¥/ 1 1@-B)/ x(t)

And we have

d? B d?
12D3/2.Bx(t) =12 IB/Zd 1a- B)/Zx(t) —12+_d 2 x(t)
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To simplify the calculation, let y(t) = I@=F)/2x(t) and y (t) = %I“‘WZx(t)

Also,

dZ
y'(8) = Wl(l_ﬁ)/zx(t)

The issue then becomes

8
12 D¥/%Px(t) = 2y (t)

We use the fundamental property of the fractional integral of the second derivative

B B
245— 2452
B B_ t2 , tT'2
P2y () = 770 = y(0) —— — ¥ () ———
ry2+ E) r (2 + E — )
B t”g , té
=I1zy(t) — y(0) B -y (0) 7
r (z + 7) r (1 + 7)
Since
B B
I2y(t) = 12107P2x(¢) = 1P/ A=A 2x (1) = [V 2x(¢)
And
1-8
2 x(0) = x,.

We knew y(t) = I0=A)/2x(t), then y(0) = x,. Consequently

t“g t1+§
D) D)
From second condition then y (0) = x;, hence
S
D) e
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Therefor

I? D3/2'ﬁx(t) = 11/2x(t) - X ’

D) )

We substitute into all the terms

B 14 5 C(t
x(t) — xo — tx; +Z 1Y2x(t) —xor(2 +§) —xlr(1t+§> +ZL (t —s)x(s)ds
= %J:(t -s)f (s,x(go(s))) ds
148 B
x(t)=x0+txl—E IY2x(t) + x, £ + x; L
A r(z +§> r(1 +§>

Cc 1
—Srx() +212f (6 x(e () @)
This is the integral equation equivalent to the differential equation (1).
Assumptions

(1) Let G be a finite subset of the set of real numbers R and let the function f be defined as follows
f:(0,1)xG->R

So that it achieves the following characteristics:

(a) The function f(t,.) is continuous for each t € (0,1).

(b) The function f(., x) is measurable for every x € G.

(c) There exist two real functions a(.), b(.) such that:

|f(t, )| < a(t) + b(t)|x| foreach t € (0,1) ,x € G.

where a € L;(0,1) and b is measurable and bounded, i.e. [b(t)| <m, m = 0.

(d) For every non-decreasing function x transformation t — f (&, x(qo(t))) is non-decreasing.

(2) ¢:(0,1) = (0,1) is nondecreasing, absolutely continuous and there is a constant M > 0 such that ¢" >
M a.eon(0,1).

Theorem 3.
Let 0<f <1,andA >0, B,C < 0. Assume that the hypotheses (1-2) are satisfied. If

|B| ICl  m

— <1,
AT (3/2) 24 " 24M

Then the fractional Bagley—Torvik problem (1)admits a unique nonnegative monotonic solution x € L,(0,1).

We define the operator T, T: L;(0,1) - L,(0,1) by
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T = 20 + tx, — 2| 1/2x(0) + 4 + g ¢ ()
X = xo xl - X xo x1 - X
A B B A
) r (2 + z) r (1 + E)
+=2f (6x(0(0)) 3)

And this is the definition of the operator T that we will use.
We determine the set of non-decreasing solutions (we know the set k)

k ={x € L;:x(t)non — decreasing [0,1]}
In other words, x € k © t; < t, = x(t;) < x(t).

Letustake x € k, thenwetake 0 <t, <t, <1, then

(Tx)(t2) = (T)(t1) = x1(t, — 1)

e 8 [
B t, 2 —t, *? t7 —t? (. 5
1 12 [x(ty) — x(t)] + %o B +x; B _Z[l x(tz) — I*x(ty)]
F(2+7) F(l +7>

il (o) =y (6xto)

SinceA>0, B,C <0. Also, t > f(t,x((p(t))) is non-decreasing and ¢ is nondecreasing. So

B
z>0.

B

1 +§> 0=t," 2 —t,'"

We obtain (with the appropriate monotonicity assumption) that the difference is non-negative, then
(Tx)(t;) = (T)(t1)

Consequently Tx is non-decreasing, then T(k) € k.

Now we prove that T € L,(0,1) i.e. ||Tx|| < oo.

8 8
1+5 £
B 2 t2 I 1
O I C R vy o RV TR LA CRCO))
r(2+§) r(1+§)
Then
8 8
||TX||<J1|x|dt+fl|tx|dt B Wl 2 e
< | Ix Jdt —— . )
R ) T )

ikl 1y,
~a il (x|

B
le | 1Bl Il by t'*2 t
5 T A 0

2 A |r(3/2) r(z+ﬁ)

< |xo| +
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IC] llx]| 11
— Bl + 5|
B B
BT ] LI - llal
S Xl +————1|%o X1 -
2 A4 r(2+§) r<1+§> 24

S N I
Arz/2) 24 2am|"

Since0 < B <1for g > 0, consequently t“g, tg integrable on (0,1).

Therefore, ||Tx|| < o0. Then Tx € L;(0,1).

Now, we prove that T is continuous

Let {x,} be a sequence in L, (0,1) such that x,, — x as n — oo with respect to the norm ||. ||, i.e.
lim||x, — x|]| = 0
-

Consequently, there exists a subsequence (denoted again by {x,} for simplicity) that converges pointwise a. e.
tox on (0,1)

x, = x a.e. on(0,1).

We write Equation (3), and then we replace every x in Equation (3) with x,,

B 14 tg C
(Tx,)(t) = xo + tx; — 1 Il/zxn(t) + x, 7 + x; . lexn(t)
r (2 + —) r (1 + —)
2 2

1
+ lef (t, xn((p(t)))
We subtract Tx from Tx,,, we observe that the terms x independent of x,, x; that is, they equal zero
B 1/2 1/2 ¢ 2 2 1 2
Tx,—Tx = _Z[l x, — 1 x] _Z[l X, — I*x] +Zl [f (t,xn(w(t))) —f(t,x((p(t)))]

We take the standard ||Tx,, — Tx||, using the triangle inequality. We get

|B| |C| 1
I, = T2ll < —= 12 =0l === 112Gy = D+ 7 || 2 [£ (6.2 (0®))) - £ (6:2(0@))]|
< O e, —
= Ar@(3/2)" " 24"

1
o[£ (6xal0®)) — £ (6.2(0®)]
Since ¢ is nondecreasing and absolutely continuous (Assumption (2)), it preserves sets of measure zero.
Therefore, we have
xn(qo(t)) - x(<p(t)) a.e. on (0,1).
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By Assumption (1-a), the function f(t,.) is continuous with respect to its second argument for each t € (0,1).
Hence, the pointwise convergence yields

f (t, xn(<p(t))) - f (t,x(q)(t))) a.e.on (0,1)
Furthermore, by Assumption (1 - ¢), f satisfies the growth condition

lf(t, x(®)| < a(t) + b(t)|x| foreacht € (0,1)and x € G, wherea € L,(0,1) and b is bounded and
measurable. Applying the triangle inequality gives:

£ (£2,(0®)) = £ (£.2(0(®) )| = @ + bO) (| (0@D)] + [x(0®)])

Since the sequence {x,} is convergent in L,(0,1), and a subsequence {xnk} such that |xnk(t)| <
h(t) a.e.on (0,1). Thus, the sequence of functions t — f (t, xnk(q)(t))) —f (t,x((p(t))) is dominated by an
integrable function

g@® = 2a(t) + b)(h(p(®)) + |[x(0®)]) € L1(0,1)

By applying Lebesgue's Dominated Convergence Theorem, it follows that

lim ”I2 [f (t, xn(tp(t))) - f(t,x(q)(t)))] ” =0

n—oo

We conclude that
lim||Tx, — Tx|| =0
n—oo

This prove that the operator T is sequentially continuous.
If T is continuous over k.

We want to find a small, limited subset to work within, rather than working on the entire set k, therefore, we
defined

k—R={x€k:|x|| <R}
Where R > 0 is a number we choose

Then we want to prove T(k — R) € k — R, that is, if we take any x € k — R for Tx € k — R from the definition
of k — R we know that [|x|| < R if we establish ||[Tx|| < R it is well known

B B
Bl ., 3 tz c, 1,
(Tx)(t) = xg + txy ——|I "2%(e) + X0 + x, ——Ix@) +=I°f (t, x(<p(t)))
A r (2 + g) r (1 + g) A A
We take the norm of both sides using the triangle inequality
B B
|B] t"2 2 ||
el = ol + el === | 1272l] + [0 —— || + |1 =5 | = = 1%
r (2 + z) r (1 + z)

el (x|
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Since [|x|| < R, then

18 !
173l < oll + e | - 20| e v cl_R
x|l < llxoll + [lexq ]| = — + [ + ([x; ———||| - —=—=
A |I'(3/2) r(2+§) r(1+§) A Tr(3)
1
+—1lall| + (m/M)R
—(llall + Gm/m)R]
B
< lxoll + liexy | =2 s i lal
S (|1X X _— X X
’ ToA 0r(2+£> 11“(1+£) 241
2 2
1 [B] |C] 1
e (m/M)|R

Then

|ITx|| < Co + C,R
Where C, contains the terms that do not depend on x, and C; represents the terms that depend on the norm of x
Now, we have

ITx|| < Cy + C4R
It suffices to choose R such that

Co+CiR < R=Cy<R-CR
Any
Co<(1-C)R

If it was C; < 1 we can choose R such that:
R = Cy/(1 — C;) and then it is realized || Tx|| < R we proved that x € k = Tx € k and giventhatk — R c k
so, if we take x € k — R for Tx € k from the previous calculation, we have ||Tx|| < R, thus, the two conditions
are met Tx € k and ||Tx|| < R consequently, Tx ek — R, ifT(k —R) € k —R.
We now have a bounded set of non-decreasing functions k — R
T:k—R — k—R,and T continues.

Consider a non-empty, bounded set. x € k — R, the degree of non-aggregation is represented by the symbol

B(x).

We use the measure of hon-compactness instead of the compactness condition, and the limits whose impact on
non-compactness must be studied are 1'/2x, I2x, I*f (t, x(<p(t))) depending on the appropriate property of
the measure of non-compactness we are using, we obtain

BUY?x) < 1/T'(3/2)B(x)

then,
B\ 1 |B|
Z)1'2 et
d <<A>I x>2A1‘(3/2)ﬂ 2
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The non-compacting estimate for the I2x term gives

1
BU*) < 2B ()

50 ((3) P+ < s

And we have f (t, x(<p(t))) we previously assumed that f satisfies the Carathéodory condition i.e.

m
BUF (@) < 1B

So,

TCRICIONNEETIES
Then

B(3) 1 Ut xo® ND < 578)

A P = 24M

We get

|B| ICl  m

p(Tx) < —m—ﬂ‘i‘m]ﬁ(x)

Instead of writing this expression let’s put

_|o Bl el m
| Ar/2) 24  24M

Then
B(Tx) < qB(x)
We require g < 1 because we want to reduce T non-compacting and therefore
B(Tx) < qB(x) < B(x)
It is well known that 8(x) > 0. If T is a reducing effect to non-compacting

Given that the operator T is continuous, satisfies the condition T(k — R) € k — R and is a non-compactness
reducing operator on k — R, it follows from Emmanul's fixed point theorem that there exists a function x € k —
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R satisfying Tx = x. By the definition of the operator T, this fixed point atisfies the integral equation associated
with the Bagley-torvik problem featuring the Hilfer derivative and the prescribed initial conditions

Since x € k — R holds x is non-decreasing on [0,1]. Consequently, the Bagley-Torvik problem involving the
Hilfer operator possesses a non-decreasing solution.

Since a decreasing solution has been found, we now wish to prove that this solution is unique.

Suppose there are two non-decreasing solution to the problem, and let us call them x; and x, . since the two
solutions are non-decreasing, they belong to k — R, and therefore x;, x, € k — R. Since every solution to the
differential problem satisfies the equivalent integral equation, x;* = Tx," and x," = Tx,",

let us propose
xl* - xz* = Txl* - sz*

We have

B
Txl* - sz* = _Z Il/z(xl* _xZ*) + Xo

—%12@1* - ") +%12 £ (67 (0®)) = £ (627 (0(®))]

By taking the norm of both sides and using the triangle inequality

18] g : Icl
12 £2
b =27 ll < = —= 112" = 2| + ||ro —— || + | ||| — 1P G = D
r (z + —) r (1 + —)
) 2 2
1 (e (o)) - (o o))
S L L
= TAr@3/2) 24 2AM
By factoring out ||x,* — x,*||
|, — x,*]| < _i - ﬂ + = [l ™ — 2" |
AF(3/2) 24 ' 24M
We already knew q
1 AT(3/2) 24 24M
Therefore
o™ = 271l < qllxy™ — 27|
So,

lloe,™ = %" Il = qllx,” — x| < 0
By factoring out ||x; — x,*||
A= llx," —x"[l < 0.
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Will use the condition that g < 1, this leadsto 1 — g > 0, At the same time [|x;* — x,*|| = 0.
Therefore, the previous inequality cannot be fulfilled unless |[|x;* — x,*|| = 0.

This means x;*(t) = x,"(t) Vvt € (0,1),then x;* = x,".

Consequently, we cannot have two different solutions.

The Bagley-Torvik problem with the Hilfer derivative posses a non-decreasing solution, and this solution is
unique in L, (0,1).

Conclusion

In this paper, we have investigated the existence and uniqueness of monotone solutions for a class of fractional
differential equations in the Banach space L,. By formulating the problem into an equivalent integral equation
and constructing an appropriate operator, we established the existence of a unique monotone and non-decreasing
solution under suitable conditions. The primary theoretical framework relied on the theory of measures of
noncompactness combined with an appropriate fixed-point theorem. The results obtained in this study contribute
to the advancement of fractional calculus, and the proposed approach can be further extended to analyze more
complex systems of fractional differential equations in future research.
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