N Ll African Journal of Advanced Pure and

:j{:_: Y .'@'} Applied Sciences (AJAPAS)
=\Y-- Online ISSN: 2957-644X

Volume 2, Issue 2, April-June 2023, Page No: 126-130
AJAPAS Website: https://aaasjournals.com/index.php/ajapas/index
||Arab Impact factor 2022: 0.87|| SJIFactor 2022: 4.308 || 1SI 2022: 0.557

On TNC-Rings
Zubayda M. Ibraheem?, Fedaa A. Nayyef ?*
12 Department of Mathematics, College of Computer Science and Mathematics, University of
Mosul, Mosul, Iraq

“Corresponding author: fedaa.20csp102@student.uomosul.edu.ig

Received: February 26,2023 | Accepted: March 20, 2023 | Published: May 06, 2023

Abstract:

This paper is a continuation of study rings relative to clean ring, where we study the concepts of 2-nil clean
rings TN-Clear Ring (TNC-ring) of a noncommutative ring, which introduced by Chen and Sheibani. These
rings of ours naturally generalize the nil -clean rings. we show that, if aeC is TNC - element, then a(a —
1)(a — 2) is nilpotent and a = k + b, where k € € and b € N(C), such that; k(k —1)(k —2) = 0, when
every two pair of idempotent elements are orthogonal, and we determine condition under which the TNC-ring is
strongly m-Regular and we show that, if € is commutative local ring and L is maximal ideal. Then C is TNC-
ring if C/L = Z5.
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Introduction

When two idempotents and a nilpotent element are added together, Chen and Sheibani describe an element of
a ring C as a 2-nil-clean element (TN Clean -element) [1]. A TNC -ring is defined to be one in which every
element is TNC, Z;, (ring of integers modulo16) is TNC-ring. The purpose of this paper is to study a new kind of
rings which generalize of nil- clean which introduce by many mathematicians [2,3,4,6], Some mathematicians are
interested in the topics of clean ring [6,7,8], A ring is considered to be strongly m —regalar if for every element
aeC there exists m > 1 and yeC such that a™ = a™*1y[9].

In this paper, we begin by establishing, the basic properties of TNC- ring, Finally, we fined the relationship
between TNC- ring and clean - ring, stronglym - regular ring and local ring. The notational conventions are that
all rings will be associative with identity.

The Jacobson radical, the set of all nilpotent element in C, the set of all unites elements and the set of all
idempotent elements in C are denoted by J(C), N(C), U(C) and Id(C).

The following definition was defined in [6,7,8]
Definition 1:

A ring C is called clean if, for each a in R, there existsu eU(C) and e € Id(C) such that, a = u + e,
furthermore, if eu = uethe clean ring C is said to be strongly clean.

On the other side in [2,3,4,5] were introduced the following concept:
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Definition 2:

A ring C is called nil - clean if, for every a in R, there are b e N(C) and e € Id(C), witha = e + b. If
eb = be is satisfied, then we say that C is strongly nil - clean ring.

Chen and Shebani in [1] give the definition of strongly 2-nil clean rings (STNC - rings)
Definition 3:

A ring C is said to be strongly 2-nil clean (STNC -ring), If for every a in C, there
are b e N(C) and ey, e,€ 1d(C), with a = e; + e, + b, that commutes with others.

For example, the ring of integers modulo 16,(Z,¢) is STNC-ring.
Definition 4:

Aring C is called abelian if every idempotent element in ring C is central [10].

Material and methods

The object of this section is to investigate certain basic properties of TNC- rings
Proposition 1:

Let D be anil ideal of aring C. Then C is TNC - ring if and only if, C /D is TNC - ring.

Proof: suppose that C/D is TNC-ring and letaeC. Than,a+ D e C/Dthen there exists
ey, e,€ld(C) and b eN(C) such thata + D =(e; +D) + (e, +D) + (b + D). It follows a+ D = (e; +
e, +b) + D, This implies a — (e; + e, + b) € D. Since D is a nil ideal of C, therefore idempotents lift modulo
D by [2, Proposition 3.15]. Also, beN(C), It follows that a — (e; + e;) is nilpotent modulo D is nil and D is nil,
thena — (e; + e, + b) = b; where bl is nilpotent. Then we geta =e; + e, + b+ b;. Hence a = e; + e, + b,.
Therefore D is TNC-ring.

Converse is clear from TNC-rings are closed under homomorphic images.
Proposition 2:

Let C be a ring with every pair of idempotents are orthogonal Then an element x in C is TNC-element if and
only if, (1 — x) is TNC element.

Proof: Assume that x is 2- TNC-element, then x = e; + e, + b, where ey, e,eld(C) and b eN(C),Then 1 —
x =1-— (e, + e,) + (=b), since ey, e,are orthogonal. Then (e; + e,)? = e; + e,.

Thus (1 — (eq + e,)) is idempotent and b eN(C), that is b™ = 0, neZ", then (—b)™ = 0,when n is even positive
integer. Therefore(1 — x) is 2-TNC-element.

Conversely: Suppose that (1 —x) is 2-nil clean element, Then 1 —x =e; + e, +b where e 1, e,eld(c)
and beN (C)

Hence, —x = (e; +e,) — 1+ b. Thus,x =1 —(e; + e;) = b. Thenx = (1 — + (e; + e3)) + (—b).
Now, Since (e; + e,) € Id(C), then( 1+ (e; + e,)) € 1d (C) and (—b)eN (C).

Therefore x is 2-nil clean.

Proposition 3:

Let C be an abelian ring, with every two pair of idempotents are orthogonal. Then any element x in C is TNC
—element, if and only if x™ is TNC - element, for some positive integer n.

Proof: we prove by mathematical induction

Let xbe 2-nil clean, that is x = e; + e, + b, where e, e, €ld(C) and beN(C), and x? = (e; + e, + b)? =
(e, +e)?+2b(e;+ey)+b? =e +e,+b',e; +eeld(C)and b’ = 2b(e; + ;) + b?eN(C)

Now, assume that for n = m — 1,the assumption is true, that; x™~* = (e; + e, + b)™ ' = X7 (1) (eq +
e2) D™k = (e, + )"t + T (o) + €)™ 2 + BUED (o, g, ym3p2 4 EHEAIED (¢, 4
e)™ b3 + oo L +p™ T

We must prove the assumption is true when n = m,
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(m 1)

x™ =xx™1=(e; +e,+Db) [(61 +e)™ 1 + (e1+e)™?%b + —(m Dm 2)( +e,)™3h% +
—(m_l)(ms_!zxm_” (e; + €)™ 4b3 + - ....+bm‘1]
m(m 1) m(m-— 1)("1 2)

=(e;+e)™+ b[(e; +e))™ 1+ —= (e;+e,)™" b+ (e; + €)™ 3b? ... +b™]

m(m 1) m(m-1)(m-2)

Suppose that, L = b[ (e; + ;)™ +—— (e; +e,)™ % b + 2 (e; + €)™ 3b% + -+ b™],
Hence L eN(C) = XK_o(7) efel* ™ + L = [e1 + me,™ e, +%!1) ey™ el + mim-1)(m-2) ;)'(m Do m-3g3
~t+el'l+L=eT+el'+ L
Thus, x™=e;™ + e]* + L, Therefore x™ is 2-nil clean
Conversely, suppose that x™ be TNC-element, that is x™ = e; + e, + b, e;+e,eld(c), beN(c)
x"—(e;+e)=bh

"—(e;+e)=(x—(e;+e))[(eg +e)+ (e +e)x+ (e +ex)x?+ ... +x™1]

Since x™ — (e; +e,) is nilpotent. Then (x —(e;+e))[(e; +e,)+ (e; +e)x+ (e +e)x?+ -+
x"11eN(C), Hence x — (e; + e;)e N(C), if follows to

x—(ey +e;) =b; S0, x = (e; +e,) + bjand therefore x is TNC-element
Proposition 4:

Let C be a belianring with 2eN (C) and let a be TNC - element in C.Then a? — a is nilpotent element.
Proof: Let aeC be 2-nil clean element, that there exists, e;, e;€ Id(C), beN(C), Suchthata = e; + e, + b

2 =(e;+e,+b)>= (e;+e,)% +2b(e; +e,) +b> =e? +2ee, +e+2b(e;+e,) +b>= e +
e, +2eje, +2b(e; + e,) + b?%(e; + ey)eld(C),2e,e, + 2b(e; + e,) + b%eN(C)

a?—a= (e +e,) +2ee, +2b(e; +e,)+b?> —((e; +e,) +b)=(e; +e,) +2eje, +2b(e; +e,) +
b? — ((e, + €;) — b). This implies that 2e;e, + 2b(e; + e,) + b* —b e N(C).

Therefore, (a? — a) is nilpotent.
Proposition 5:

Let C be TNC - ring, with every pair of two idempotent elements are orthogonal, then J(C) is nil ideal and
2€ J(0).
Proof: Letx € J(C), then xe C, by proposition(4), (x? — x) € N(C) and hence (x — x2)eN(C).

Assume that; w = (x — x2)eN(C), implies that w = x(1 — x) and x = w(1 — x)~*e N(C), Thus J(C) is nil
ideal. Now, let a € C. Then, there existse;, e, e/d(C) and beN(C), such that: a = e; + e, + b Assume that 2 =
e; + e, + b, since e;,e, are orthogonal, then e, + e, = e;e Id(C),That is 2 = e; + b, it follows that 1 + 1 =
es+b,hencel —e; =b—1.Since (b—1)eU(C), let1 —e; =u,then1 —e; =1, hence e; = 0. Thus, 2 =
0 + b and 2 is nilpotent. Therefore 2 € J(C)

Proposition 6:

Let Cbe a belian ring with every pair of idempotent elements are orthogonal and [, k are TNC-elements in C.
Then I + k is TNC -element.

Proof: Let [ and k are TNC- elements. Then there exists e;, e,, e3, e,€ Id(C), by, b,eN (C) such that:

l=el+ez+b1andk=e3+e4+b2 then, l+k =(€1+€2+b1) + (€3+e4+b2)= (€1+ez) +(€3+
es) + (by + by). Since every pair of idempotent elements are orthogonal, then:

(e1 + €;)?=(e; + e;)=ege Id(C) and (e + e,)*=(e5 + e,)=ege 1d(C), also we have b; + b, = b;eN(C)
Hence, I+ k =eg5+ eg + bs.
Therefore, [ + k is TNC—element.
Proposition 7:
Let C be an abelian ring, anda € C be TNC- element. Then a(a — 1)(a — 2) is nilpotent element.

Proof: Let ae C, since a is TNC-element, then there exists e, e,eld(C), be N(C) suchthata = e; + e, + b
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Next, we get that.

a(a—1D(a—2)=(e;+e,+b) (e;+e;+b—1)(e; +e,+b—2) =[e;(e;+e;+b—1) + e, (e; + e, +
b—1)+ b(e;+e,+b—1)](e;+e,+b—2 =[e;? + eje; +eb—e; +ee; + €2 +e,b—e, + bey +
be, + b*—bl(e;+e,+b—2)=[e, +2e;b—e; +e,+2e,b-e,+b%—bl(e; +e,+b—2) =

(2e;b + 2e,b + b2 —b)(e; + e, + b — 2) = 2e,°b + 2e,e,b + 2e,b? - 4eb + 2e,e,b + 2e2b +

2e,b?- 4e,b + e;b? + e,b? + b3~ 2b% -e;b —e,b — b? +2b = b3 + 3e,b? + 3e,b? — 3b% —3e;b —
3e,b +2b = b(b: —3b +2) + 3e,b(b — 1) + 3e,b(b — 1) = b(b — 2)(b — 1) + b(b — 1)(3e, + 3e,) =
b(b — D[ (b — 2)(3e, + 3e,) | eN(C)

Proposition 8:

Let C be an abelian ring with every two pair of idempotent elements are orthogonal, and aeC is TNC -
element. Then a = k + b,where keC and beN(C),such that k(k — 1)(k —2) = 0.

Proof: Leta = e; + e, + b,where e,, e,eld(C), be N(C)
Now, take; k = e; + e,, then we have:

k(k—1)(k—=2) = (e te)[(es—1)+e][(e;—2)+e,] = (ex+e)(er—1+e)(eg—2 +e) =
(e +e,) (e;2 —2e; +eje,—e;+2-e, +eye; —2e, +e,°)

=(e;+e)(—2e; +2 —2e,)= —2e,2+ 2e; —2e,e, —2e,e; +2e,—2e,2=0
Therefore k(k —1)(k—2)=0
THE RELEVANCE BETWEEN TNC -RING AND OTHER RINGS

In this section we construct the relation between TNC - ring and clean ring, local ring and strongly m-regular
ring.

Proposition 9:
Let C be an abelian TNC - ring with 2eN(C). Then C is clean.

Proof: suppose that C is TNC -ring and a € C, then there existse,, e;e Id(C) and be N(C), such that:a —1 =
e; +e, +b.Since, (e; +e,)?> =e; +e, +2e,e,, Hence,a—1 = e; + e, + 2e,e, +b,2e,e, + beN(C)

since (1 + 2e,e, + b) € U(C).Thena = (e; + e;) + (1 + 2e,e, + b)) is clean element.
Proposition 10:

Let C be a commutative local ring and L be a maximal ideal. Then C is TNC -ring, if C/L = Z,.
Proof: Since C is local ring, then J(C) = M and every element in J(C) is nilpotent.
Then every element in M is nilpotent, Ifa € C,thena+ M = x + M for some x € {0,1,2}.
So,a =1+ 1+ b, where b is nilpotent, thus a is TNC-element and therefore,C is TNC-ring.
Proposition 11:

Every STNC - ring is strongly m-regular.

Proof: Since C is STNC- ring, that is C is (3 — 1)-nil clean ring. Now consider 3 is nilpotent element. Then (3 —
1)! Is invertible, let aeC,Since a(a — 1)(a — 2) is nilpotent from proposition (7). since (1 + 2e,e, + b) €
U(C).Thena = (e; + e,) + (1 + 2e,e, + b ) is clean element.

Proposition 10:

Let C be a commutative local ring and L be a maximal ideal. Then C is TNC - ring, if C/L = Z;.
Proof: Since C is local ring, then J(C) = M and every element in J(C) is nilpotent.
Then every element in M is nilpotent, If a € C,thena+ M = x + M for some x € {0,1,2}.
So,a =1+ 1+ b, where b is nilpotent, thus a is TNC-element and therefore,C is TNC-ring.
Proposition 11:

Every STNC - ring is strongly m-regular.
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Proof: Since C is STNC- ring, that is C is (3 — 1)-nil clean ring. Now consider 3 is nilpotent element. Then (3 —
1)! Is invertible, let aeC,Since a(a — 1)(a — 2) is nilpotent from proposition (7). at 2(e; +e,) —1 + b is
nilpotentand a = e; + e, + b. So, wegeta = (1 — (e; +e;)) + (2(e; +e,) —1 + b)is STNC-element.

Proposition 13:
Every TNC-ring is nil-clean ring, if every pair of two idempotent elements are orthogonal.

Proof: letC be TNC-ring and let a eC withe,, e, € Id(C) and be N(C) such that a = e; + e, + b.Sincee,, e, are
orthogonal, then (e, + e,) = e;eld(C),It follows that a = e; + b is nil-clean element and therefore, C is nil-
clean ring.

Conclusion
From the study characterization and properties of TNC-ring, we obtain the following results:

= when D be a nil ideal of a ring C. Then C is TNC - ring if and only if, C/D is TNC - ring.
= when C be a belianring with 2 € N(C) and let a be TNC- element in C.Then a? — a is nilpotent
element
= when C be TNC - ring, with every pair of two idempotent elements are orthogonal, then J(C) is nil
ideal and 2 € J(C)..
= when C be a belian ring with every pair of idempotent elements are orthogonal and I,k are TNC-
elements in C. Then [ + k is TNC -element.
= when C be an abelian ring, and ae C be TNC-element. Thena(a — 1)(a — 2) is nilpotent element.
= when C be an abelian TNC -ring with 2 € N(C). Then C is clean.
= when C be a commutative local ring and L be a maximal ideal. Then C is TNC-ring, if C/L = Z,.
=  Every STNC - ring is strongly m-regular.
We recommend as further studies, to study 3-nil clean and the relation between 2-nil clean. To study p-nil clean
ring and give further properties of such rings.
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