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Abstract:  

The aim of this paper is to compare the performance between two types of control systems (Ball and Hoop 

system). It can be used to analyze the dynamic of fluid problems. As soon as the goal from that to identify a 

control strategy that offers the best performance in controlling the position of the ball and hoop system.  

However, the LQG controller designed and compared their performance with the Linear Quadratic LQR 

controller using MATLAB and Simulink.  

The results showed that the performance response of LQG controller better than the LQR control strategy 

response. Therefore, the performance response of the proposed system was tested and compared with the results 

of PID as a reference tracking rejection and disturbance behavior.  

The simulation results showed that the proposed controller has better performance and lower stability time 

compared to the traditional PID controller. we hope in the future using high technology to this work. 
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 صـالملخ

ورررق و والطرررق  الغرررمن هرررا وررر ه القاررررا ورررق ه ناعرررا اأجاز  رررحا عرررقمحا هرررا    ررر   الررر     ل  رررن  ال رررم  

  ع ما غحم خطحا وغحم هس  م .وي و السقائل   اهشنكل جي نهح ح س خد  ل  لحلي ع ن 

اررري وررر ه  ل  رررن  ال رررم  والطرررق .سررر مايح حا مرررمن  اءرررل  جاز ي  مررري إورررق ي ديرررد  هرررا الم ناعرررا ال رررد 

هج المرررررني   عرررررن(  نسررررر خدا   مLQR( هرررررت المررررر      LQG رررررحا  جاز المررررر       يمرررررق الم ناعررررراالقاررررررا 

ه ناعرررررا  نسررررر مايح حا  اسررررر  ن ا(  عررررر ج  اءرررررل LQGوال ررررري  ن رررررمأ ع نئ  رررررن    المررررر       والم نكرررررن  

 (.LQRالم      

 ( كمم ت ي بت الماض والسلقك المءطم .PIDوه ناع ه    نئج  ي  اخ حنا  جاز ال  ن  الم  مح 

( يملررررض  اءررررل  جاز ورهررررا اسرررر  ماا  رررررل ه ناعررررا LQGه صررررلا الم نكررررن  يبررررحا    المرررر     الم  ررررمح  

 ا العمل. ي  قلق حن منلحا ل  اس خدا   عأهل هس  بً   نكم   (PID نلم     ال  لحدي  

https://aaasjournals.com/index.php/ajapas/index
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 والطق . ع ن  ال م    LQGالم       LQRالم       PIDالم      المفتاحية:الكلمات 
1- Introduction 

Based on a previous article titled "Online PID Controller Tuning Using Genetic Algorithms" [1], in which 

controllers were used, the controllers in this paper were changed to LQG and LQR controllers in a ball-and-

hoop system. 

 The origins can be traced back to Wellstead (1980, 1983), who introduced it as a simple model with 

qualitatively the same dynamics as the liquid fouling problem; and Fabregas. (2011) also describe how this 

model can be used to teach linear control theory.  

More specifically, the model is used for regions where the ball approaches a stable position on the rim and a 

linear approximation of motion dynamics is valid. 

Despite significant developments in some control theory, proportional-integral-derivative (PID) controllers are 

widely used in process control systems. 

 A PID controller is a simple control strategy that can be understood by both plant operators and maintenance 

groups and is relatively easy to tune. 

Linear quadratic Gaussian optimal control (LQG) is used in many areas of control engineering and has proven to 

be a powerful method for efficiently achieving suboptimal performance. The idea of suboptimality stems from 

the fact that control techniques minimize a given performance metric in order to reshape the system state and the 

trajectory of the control surfaces. 

However, the LQG technique requires careful tuning of the Q and R parameters that affect the state shape or 

control signal traces. 

Many researchers have tried to find a way to tune LQG controllers and have come up with complex or trial-and-

error methods to correct these parameters. These papers introduce new methods for linear quadratic Gaussian 

(LQG) controller design and Simulink. [1,2]. 

 

2- Ball and Hoop System 

he Ball and Hoop system demonstrates the dynamics of a steel ball rolling freely inside a rotating ring. There are 

grooves on the inner edge of the tire to allow steel balls to roll freely in the tire [3]. This results in a complicated 

rolling radius (𝑟) of the ball, which differs from the actual radius (𝑟𝑏) of the ball, as shown in Figure (1). 

 
Figure (1) Illustration of the Ball Rolling in its Groove 

 

The overall system is shown in Figure (2). where the ball position is based on the assumption that the hoop is 

rotating anti-clockwise. The hoop is mounted vertically on the shaft of an electric motor so that it can be rotated 

about its axis. When the hoop is rotated, the ball will tend to move in the direction of hoop rotation. At some 

point, gravity will overcome the frictional forces and the ball will fall back. This process will repeat, causing 

oscillatory motion to the ball. The motor drives the hoop so that its angular position can be placed under control. 

In Figure (2). 

 The hoop angular position and the position of the ball is given by: 

• 𝑦, the position of the ball on the hoop periphery with respect to a datum point. 

• Ψ, the slosh angle which measures the deviation of the ball to the rest position. 

 

 
Figure (2) Ball and Hoop System 
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Figure (3). shows how the ball and hoop system is used to illustrate the complex dynamic of the oscillations in 

liquid container when the container is moving and undergoing changes in velocity and direction. Oscillation in 

liquids is called ‘slosh’ or ‘slop’ and that is important because the movement of large quantities of liquid can 

strongly influence the movement of the container itself, this is usually undesirable and often dangerous [3]. 

 

 
Figure (3) illustrating the analogy [3] 

There are many other examples where liquid oscillation must be considered; the important practical examples 

are [4]: 

1. The movement of the liquid cargo in an oil tanker as it changes direction can alter the handling and stability 

of a truck. 

2. The slosh of aviation fuel in an aircraft as it turns may affect its overall stability 

3. The liquid load in a railway wagon tanker can rock from side to side on an uneven railway track, causing 

undue wear to the wagon suspension and railway track. 

4. The liquid cargo of a ship may slosh when the ship is in heavy seas, which may subsequently reduce the 

stability of the ship. 

 

2-1 Measurement of the Hoop Transfer Function 

The hoop is powered by an electric motor, for this reason the general form of the transfer function of the hoop 

follows the general transfer function of a motor and this illustrated as in equation (1). 

  

The following figure shows the general transfer function for a hoop. (2.1). 

 

 
                                           

   Figure (4) Transfer Function Relating Input Voltage and Hoop Position. 

 

Where: 

 G - The gain of the system.  

 𝜏 - The time constant. 

𝜔(𝑠) - The Hoop speed. 

H - The Hoop gain. 

𝜃(𝑠) - The Hoop position. 

of four volts is applied to the CE109 with the result that the hoop  (𝑣𝑖) , constant voltage To obtain G and

rotates at a steady 1000 rpm [6]. This steady voltage is coupled with a function generator that produces a square 

wave with a frequency of 0.05 Hz and has amplitude of one volt. This produces a graph that steps up a volt and 

down a volt every alternate ten seconds. 

 Zooming in one of the “step ups” produces the graph in Figure (5). 
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Figure (5) Response of hoop to step input 

 

In a first-order system such as the motor, there is no overshoot. Due to this, the rise time of the system is 

calculated as the time at which the system reaches 63.2% of its final value. 

 The time taken for the speed to change by 0.632 Δ𝜔 is equal to the time constant of the system 𝜏. 

From Figure (5), this value is approximately 0.7sec. 

The change in steady state speed Δ𝜔 is given by relation (2). 

Δ𝜔 = 𝐺Δ𝑣𝑖                                                                                                                                        (2) 

And it can be calculated that: 

Δ𝜔= 1.06 Volts = Final Value 

Δ𝑣𝑖 = 1 Volt = Input Value 

  

Then 

𝐺 =
Δ𝜔

Δ𝑣𝑖
=

1.06

1
= 1.06                                                                                                                        (3) 

 
 

 

Table (1) Data Used to Calculate Hoop gain [5] 

 

 

Substituting these values into equation (1) will illustrate the general transfer function of the Hoop. 

 

𝐺ℎ(𝑠) =
1.06

1+0.7𝑠
                                                                                                                                                  (4) 

 

2-2 Measurement of Hoop Gain. (H) 

 

The measurement of Hoop Gain H is the relationship between the tachometer output and the rate of change of 

hoop position (frequency x amplitude) [5].  

Where H is given by the following equation. 

 

θ = 𝐻Ω                                                                                                                                                              (5) 

 

Where:  

Ω  is the tachometer output (volts).  

𝜃 is a Rate of change of position (frequency x amplitude). 

To obtain the data in table (1), an initial voltage is applied to the CE109 B 

Tachometer Output (V) 
Frequency 

(Hz) 

Period 

(Sec) 

Amplitude 

(V) 

Frequency X 

Amplitude 

1 5 0.2 13.5 67.5 

2 10 0.01 13.5 135 

3 15 0.065 13.5 202.5 

4 20 0.05 13.5 270 
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all and Hoop so that the tachometer output reads 1Volt. The period, frequency and amplitude are measured and 

this process is repeated for unit steps of the tachometer output. [5]. 

Table (1) illustrates the data which will be used to  

Calculate the Hoop gain, and figure (6) shows the plot of data in table (1). 

 

 
Figure (6) Plot of Data in Table (1) 

 

By calculating the slope of the line in Figure (6) and hence the value of H gives: 

 

𝐻 =
𝜃

Ω
=

135

2
= 67.5 𝑠𝑒𝑐−1                                                                                                                           (6) 

 

are known, then the transfer function for the hoop is as depicted in Figure (7). The coefficients G, H and  

 

 

 

Figure (7) Hoop Transfer function 

 

The transfer function relating the hoop angle  θ(s) to the slop angle  Ψ(𝑠) is detailed in Equation (7).[5] 

 

Ψ(𝑠)

θ(𝑠)
=

𝑠(
2

5
(

𝑟𝑏

𝑟
)

2
𝑠+

𝑏𝑏

𝑚𝑟2)

(
2

5
(

𝑟𝑏

𝑟2)𝑠2+
𝑏𝑏

𝑚𝑟2𝑠+
𝑔

𝑅
)
                                                                                                                                   (7)             

 

 

Where: 

 rb = Radius of the Ball (= 9.53mm) 

𝑟 = Rolling Radius of the Ball (= 9.3mm) 

𝑔 = Gravity (= 9.81m/s) 

𝑚 = Mass of the Ball (= 0.0282kg) 

𝑅 = Radius of the Hoop (= 87.5mm) 

𝑏𝑏 = Coefficient of Rolling Friction = (4.57×1006) 

The transfer function shown in Equation (7) can be evaluated as: 

 
Ψ(𝑠)

θ(𝑠)
=

0.42 𝑠2+1.873𝑠

1.42𝑠2+1.873𝑠+112.11
                                                                                                                                 (8)             

 

The experimentally derived Ball and Hoop transfer function is shown in Figure (8): 
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Figure (8) Transfer Functions of the Ball and Hoop System. 

 

Then the Overall Transfer Functions of the Ball and Hoop System can be seen in figure (9) 

 

 
Figure (9) Overall Transfer Functions of the Ball and Hoop System. 

 

The transfer Function of the Ball and Hoop System is given by relation: 

 

H(s)= 
Ψ(𝑠)

θ(𝑠)
=

30.051 𝑠2+134.0132𝑠

0.9372𝑠4+2.656𝑠3+75.87𝑠2+112.1𝑠
                                                                                                       (9)             

 

3- Basic Structure of a PID Controller.  

 In this section, only the Ziegler-Nichols method for tuning the PID controller is considered. The control system 

may result in poor performance and even become unstable, if inappropriate values of the control unit tuning 

constants are used. Therefore, it is important to adjust the controller parameters to achieve satisfactory control 

performance. Tuning the controller involves selecting the optimal values of kc, Ti and TD (if using the PID 

algorithm). This is often a personal procedure and definitely depends on the process. It is a widely accepted 

method for PID controller tuning. Direct method. First, set the console to P mode only [6]. Next, set the console 

gain (kc) to a small value. Change a small set point (or load) and note the response of the controlled variable. If 

kc is low, response should be slow. Increase by a factor of two and make another small change in the set point or 

load. Keep increasing kc (by a factor of two) until the response becomes oscillatory.  

 The period of oscillation at this point is called the final period Pu. K u = System profit margin and Pu = (2 * 

pi)/wcg. Where, wcg file [7]. It is gain via frequency. The profit margin is the opposite of the capacity ratio. Then 

the control code settings are obtained from the following table 1 as well as wcg. The PID gain values after 

simulation are given below Table 2. 

 

Table 2. Control law settings     

𝑇𝑑 𝑇𝑖 𝐾𝑝 Controller 

  
𝐾𝑢

2
 P 

 
𝑃𝑢

1.2
 

𝐾𝑢

2.2
 PI 

𝑃𝑢

8
 

𝑃𝑢

2
 

𝐾𝑢

1.7
 PID 

 

 

3- Linear Quadratic Regulator (LQR) 

This section of the paper demonstrates the application of a linear quadratic regulator to a ball-and-ring system 

dynamics of a steel ball (which is free to roll inside a rotating circular hoop) to control the oscillation of fluid in 

a container as the container moves and undergoes changes in velocity and direction. The primary objective of 

LQR control is to reduce a specific cost function called a performance indicator [8]. Designing an optimal second-

order controller based on this quadratic performance index requires defining the elements of the " 𝐾 " matrix 

feedback gain matrix using the following MATLAB command: 
[𝐾. 𝑆. 𝐸] = 𝑙𝑞𝑟 (𝐴. 𝐵. 𝑄. 𝑅)                                                                                                                               (10) 
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Where: 

𝑄 =  is the state cost matrix. 

𝑅 =   is the performance index matrix. 

𝐴, 𝐵 = are the state space representations of the system. 

Eq. (10) calculates the optimal gain matrix K such that the state-feedback law 

   𝑢 = −𝑘𝑥  minimizes the quadratic cost function 𝐽(𝑢),  which is described by [9]: 

 

𝐽(𝑢) = ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢)𝑑𝑡
∞

0
                                                                                                                           (11) 

 

In addition to the state-feedback gain 𝐾, 𝑙𝑞𝑟 returns the solution 𝑆 of the associated Riccati equation 

 

𝑃𝐴 + 𝐴𝑇𝑃 + 𝑄 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 = 0                                                                                                                   (12) 

 

and then solving for the controller gain 𝐾 

𝐾 = −𝑅−1𝐵𝑇𝑃                                                                                                                                                 (13)           

Where 𝑃 is a positive definite matrix. 

The state space representation of the pitch to elevator deflection is obtained by converting the transfer function, 

relating the pitch angle to the elevator deflection for both the full mode and the short period mode. to their state 

space form using MATLAB commands. 

  

4- LQG Design 

LQG (Linear Quadratic Gaussian) control is one kind of optimal control. It is the combination between LQR 

(Linear Quadratic Regulator) and Kalman Filter [ 9]. LQG solves the weakness of LQR control which requires 

the number of sensors as the number of states and replaces them with an observer, Kalman Filter. This is very 

useful since not all the states of the system can be measured. Replacing the sensors with an observer also reducing 

the cost of the system. However, it does not guarantee the robustness of the system against uncertainties in 

operating conditions [10]. The block diagram of LQG control is shown in Figure (4) Kalman filter used to estimate 

the state of the system based on system output.  

. In this research, the second method of modeling is chosen. The flow diagram of the LQG control design process 

is depicted in Figure (5). 

 

 
Figure (10) LQG: combination of LQR and Kalman Filter. 

 

5 - Simulation Results  

The simulation procedure will be summarizing as follows: 

 

5 -1 Close loop without control 

From the plots of the step response Figure (11), it can be said that the behavior is highly oscillatory and long 

lasting. 
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Figure (11) Step response of closed loop system without controller. 

 

Figure (11) shows the response of the closed system without controller, from which it is clearly with a maximum 

percentage Overshoot = 6.8454, settling time of about settling time = 4.3281 sec, Rise Time = 0.3074sec. 

 

5-2 Tracking Signal of PID Controller 

Figure (12) shows the response of the PID controller, from which it is clearly with a maximum percentage 

Overshoot = 7%, settling time of about settling time=1.8 sec. 

 

 

 
Figure (13) Tracking and Noise PID Controller 
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5 - 3 Control input for PID Controller 

 
Figure (14) control input for PID Controller 

 

5-4 Tracking Signal of LQR Controller 

Figure (15) shows the response of the LQR controller, from which it is clearly noticeable that the LQR 

controller meets the desired requirements with a maximum percentage   overshoot = 4, settling time of about 

settling time=0.7 sec and a zero steady state error. 

 

 
Figure (15) Tracking and Noise LQR Controller. 
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To test the system reliability, a step input signal with varying amplitude was applied to the system input. From 

and the system behavior was observed. From Figure (15), it is clear that the tracking of the LQR controller 

acceptable and that the LQR controller responses very well. 

 

5-5 Control input for LQR Controller 

 

 
Figure (16) control input for LQR Controller. 

 

5-7 Close Loop control system by using LQG Controller 

Figure (17) shows the response of the LQG controller, from which it is clearly noticeable that the LQG 

controller meets the desired requirements with a maximum percentage Overshoot: 3, settling time of about 0.5 

sec and a zero steady state error. 

 
Figure (17) Tracking and Noise LQG Controller. 
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Figure (18) control input for LQG Controller. 

 

Analysis of the Simulation Results. Table (3) indicates the improvement of the LQG controller response in 

terms of minimizing the overshoot, the rise time and the settling time. 

 

Table (3) Comparison of result 

ALL Controllers 

response 
tS tr Op% 

PID 1.8  7 

LQR 0.7  4 

LQG 0.5  3 

6 - Conclusions  

for Ball and Hoop system was simulated in the Matlab environment. We used Kalman Filter to reduce noise in 

the system. Both the LQG, LQR and PID controllers are applied to this model, which did not consider 

disturbances from noise. The control results demonstrate that the PID, LQG and LQR controller have good 

performance and are able to balance the in controlling the position of the ball and hoop system. The results of 

the system control demonstrate that the LQG controller has a better control performance than the tune PID 

controller and LQR .in terms of minimum rise and settling time values and peak overshoot value as required by 

the designer. 
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