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Abstract:

The purpose of this work to set the notion of weak continuity in bitopology. Its characterizations and fundamental
properties are introduced. The major conclusions bear on the concept of weakly continuous functions in
Bitopological settings. Also, the implication of some separation axioms is investigated. Additionally, the attitude
of p-weak continuity with pairwise Urysohn and pairwise connectedness spaces is studied.
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1. Introduction

Kelly defined and initiated the Bitopological space in 1968 [2]. Then, many authors have generalized several
topological concepts to bitopology category such as covering properties [9], mappings [6,10] and multifunctions
[11] and others. One of the most essential concepts in topology is that of continuity, so several kinds of
generalizations of continuity have been studied and investigated as the notion of weak continuity which was
introduced and investigated in topology by N. Levine [7], J. Chew [8], T. Noiri [3] and D. A. Rose [4]. These
authors have studied its properties and its impacts on some topological concepts. In current work we will study
the notion of weak continuity in bitopology by extending this idea to pairwise weak continuity. In addition, we
state its characterizations and properties. Further, we obtain its relation with pairwise almost continuity and
pairwise continuity. Additionally, we introduce its attitude with pairwise Urysohn, pairwise connected and
pairwise Hausdorff spaces.
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All through this work, (X, t4,T,) and (Y, 04, 0,) (or shortly X & Y respectively) index bitopologies where, unless
certainly listed contrary, no separation axioms have been given.

Let U be a subset of X. The closure and the interior of U with respect to 7; will be signified by t;-cI(U) and t;-
int(U) where i = 1,2.

It is well-known; the axioms of separation in bitopology play a fundamental part for the theory of bitopology.
Spaciously, several authors have investigated the notion of separation axioms. Pairwise Urysohn space was
described by M. K. Singal and R. A. Singal [5].

Next, we state Kelly’s definition for pairwise Hausdorff and pairwise regular spaces as follows:

Definition 1. [2] If (X, T4, T,) is a Bitopological space, then X is pairwise Hausdorff if for every x;,x, € X and
X1 # X, there is a set U €1; and a set V € 7; so that x; € U,x, € V together with UnV =@ for i #
jandi,j =1,2.

Definition 2. [2] If X is a bitopological space, then it is a ij-regular if for any point x € X and aset U € t;
having x, there is a set G € 1; so that x € G < 7;cl-(G) < U. The Bitopological space X is called p-regular
whenever X is 12-regular and 21-regular.

Next, we present the meaning of continuous mapping in bitopology, which Kiligman and Salleh have stated as the
following definition.

Definition 3. [6] f: (X, 1y, T2) = (Y, 04, 0,) isai-continuous function if f: (X, t;) — (Y, 0;) is continuous where
i =1,2. fissaid continuous if it is i-continuous for i = 1,2 .

Definition 4. A space (X, T4, T,) is called (i, j)-Lindelof if every 7;-open cover of X can be reduced to a countable
Tj-open cover. (X, Ty, T) is pairwise Lindelof if X is (1,2)- Lindelof and (2,1)- Lindelof.

The p-Urysohn space was described by A. R. Singal and M. K. Singal.

Definition 4. [5] A Bitopological space (X, 7, T,) is (ri,rj)—Urysohn if for any two distinct points x;,x, €
X, there existaset U € t;andaset V € t; in X inorder that x; € U, x, € V and

7j-cl(U) nt;-cl(V) = 0.

A space X is called pairwise Urysohn if X is (1,2)- Urysohn and (2,1)- Urysohn.

Definition 5. [1] f: (X, t,,T3) = (Y,04,0;) is (i, j)-weak ( (i,)-almost) continuous function iff as long as all
x € X and every a neighborhood V as f(x) € V € t; ,there is a neighborhood U as x € U € t; where

fU) coj-cl(V) (f(U) € o;-int(o;-cl(V))).
f istermed p-weak (p-almost) continuity if it is (1,2)-weak ((1,2)-almost) and (2,1)-weak ((2,1)-almost).

Definition 6. [6] A space X is said to be t;-P-space if each countable intersection of ;- a-open sets is 7;- a-
open. X is said P- space if X t;-P-space fori = 1,2.

2. Characterizations of p-weak continuous functions.
Remark 1. Obviously, any i-continuity indicates (i, j)-weak continuity. However, the opposite is not always be
reversed.

Example 1. Let X ={a;, a5, a3}, 7, =7, = {0, X,{a,}} and
o, =0, ={0,X,{a;}}. Let f:(X,71,7,) = (X,04,0,) bea function such that f(a,) = a,,n =1,2,3.S0, fis
(1,2)-weak continuity but not 1 —continuity.

Theorem 1. f: (X,1y,1,) = (Y,04,0,) is (i,j)-weak continuous iff f~'(V) <€ 1, -int (f " (g;- cl(V))) for
each Veg;, i,j=12.

Proof. & Suppose x € X and V € g; where f(x) € V. By hypothesis, we get
x € f71(V) €t - int(f ' (gj- cl(V))).

Put U = T; - int (f 7' (0;- cl(V))), so Uis t;-open set. Therefore, we get
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U = - int (f (g} cl(V))) € (0~ cl(V))
= fU) € gj-cl(V).
Thus, the function f is (i, j)-weak continuity.

= Suppose that f is (i, j)-weak continuity. Let V € g; and x € f~1(V) = f(x) € V. Due of fis (i,j)-weak
continuity, we have U € T; involving x so that

fE e fW) cap-eV)
=2x€Uc f(g-clV))
= x € 1;- int(f (g - cl(V))).

Consequently, f~'(V) € t-int(f ' (g; - cl(V))). m

Theorem 2. If a function f: (X, 14, 7,) = (Y,04,0,) is (i, j)-weak continuity, so ;- cl(f~*(V)) < f (-
cl(V)) forany asubset V € g;.

Proof. Consider that we have a pointx € ;- cI(f~*(V)) -f "' (g;- cL(V)). So f(x) & g;-cl(V). LetP =Y —
oj-cl(V). Thusisa P € o; where f(x) €P and VNP =0.

Because fis (i,j)-weak continuous, thereisaset U € t; sothat x € U and f(U) c g;- cl(P). Hence, we get
f(U) NV = . In contrast, since x € ;- cl(f~*(V)), we have Un f~*(V) # @ andthen f(U)NV # @, s
we get contradiction. Therefore

- cl(f7 (V) < f(g5- cl(V)). m

Theorem 3. Let f: (X, 7y, T,) = (Y, 04, 0,) be afunction. If ;- cl(£71(Q)) < f~(g;- cl(Q)) for any a;-open
subset Q of Y, hence f is (j, i)-weak continuity.

Proof. Assumethat V € g;. Put Q =Y — g;-cl(V). Thus 7;- cl(f71(Q) S f~(g;- cl(Q)).
So, we get
7= cl(f 71 (Y - - cl(V))) € f7 (g5-cl(Y- gy-cL(V)))

=1-cl(X = f(o-cl(V))) € X — f~(gj-int(g;-cl(V)))
=X = (tj-int(f " (g;- cl(V))) € X — f~(gj-int(0;-cl(V)))

cX-f ).
Therefore,
f1W) € - int(f (g cl(V))).

From Theorem 1, f is (j,i)-weak continuous. m

Theorem 4. If a function f: (X, 14, T,) = (Y,04,0,) is (i,j)-weak continuity and i-open, hence f is (i,j)-
almost continuity.

Proof. Suppose that a € X and V € o; having f(a). Because f is (i, j)-weak continuity, there exists a subset
U € T containing a so that f(U) < oj- cl(V). Due of f mustbe i-open, we have

fU) = 0;- int(f(U)) < o;- int(oj- cl(V)).
So, f must be (i,j)-almost continuity.m

Corollary 1. An i-open function is (i, j)-almost continuity iff is (i, j)-weakly continuity.
Definition 6. Suppose that f be a function from a bitopological space (X, t,7,) into a bitiopolgical setting
(Y,01,07) . f is said to be (i, j)-subweakly continuity if ;- cI(f~*(V)) € f~'(g;- cl(V)), for V € B such that

B is a og;-open basis for the bitopological space (Y,d,0;). f is said p-subweakly continuity if itis (1,2)-
subweakly continuity and (2,1)-subweakly continuity.
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Theorem 5. A function f: (X, 14, 7t,) = (Y,04,0,) is (i, j)-subweakly continuity and (i, j)-almost continuity,
thus f is (i, j)-weakly continuity.

Proof. For a bitopological space (Y,0,,0,), let a basis B € g; relative to which f is (i, j)-subweakly
continuous function. Let V € B, since f is (i, j)-almost continuous, we get

f1V) € 1= int(oj- cl(fH(V)))
c 7;- int(f "2 (0~ cl(V))).

Thus, f is (i, j)-weakly continuity function via Theorem 1.

3. Implication of pairwise weakly continuity with pairwise separation axioms.
Theorem 6. Each (i, j)-weakly continuous function from (t;, 7;)-Lindelsf into any P-space (o, 0;)- Hausdorff
space is (i, j)-closed.

Proof. consider f be (i, j)-weakly continuous function from (z;, 7;)-Lindelsf space (X, 74, 7,) into any (a;, g;)-
Hausdorff space (Y, 01, 0;). Let C be t;-closed set in (X, 7,,7,) and letb & f(C). Forevery a € X, which f(a) €
f(C) , due to Hausdorffness of (Y,ay,0), there is a neighborhood V € a; of f(a) where f(a) & g;-cL(V).
because f is (i, j)-weakly continuity, there exists a neighborhood U € ; having a so that f(U) < g;-cL(V).

Because C is 7;-closed set of a (7, 7;)-Lindelsf space (X, 7y,7,),C is (7;,7;)-Lindelsf . Then, we have C c
Unex Ua,Such that K is countable set.
So, it implies that

f(C) c f(Unek Uan) = Unekf( Uan) c UnEKO-j 'Cl(Vf(an))'

Since Y is a P- space, S0 Y-Uyek 0j-cl(Vy(q,)) € oj contains b where [Y — Uye 0j- cl(Vya,)] N F(C) = 0.
Then, f(C) is a;-closed. Thus, f is (i,j)-closed. m

Theorem 7. Ifafunction f:(X,t4,7t,) = (Y,04,0,) is (i,j)-weak continuity and Y is (i, j)-regular space, so
f is i- continuity.

Proof. Foranya € X with f(a) € V sothatV is g;-open set. Since Y is (i, j)-regular space, we get f(a) <
Q Sog;-cl(Q) SV for G € 1;. By weakness of f, we have a set U € t; where

f@efU) Soi-cl(Q) V.
Therefore, f must be i-continuity at a. Because a is an arbitrarily point in X, so f is i- continuous.m

Example 2. Consider X =Y = R real numbers. Assume that ; = 7, the indiscrete topology. Let g, be usual
topology and o, be the discrete topology. If f: (X, T, t2) = (Y, 04, 05) is the identity function. Y is (1,2)-regular
space, but f is 1 -discontinuity. By the previous Theorem, f is not (i, j)-weak continuous.

Theorem 8. Let f:(X,04,0,) = (Y,0,,0,) be p-weak continuity. If Y is (i,j) —Hausdorff space, hence
E={(a,a,) €EXxX: f(x;) =f(ay)} is (i,j)-closedin X x X.

Proof. If (a,,a,) € X X X-E,s0 f(a,) # f(a,). Since (Y, 04,0,) is (i,j)-Hausdorff space, we have aset V €
o; having f(a,) and a set W € g; having f(a,) where V nW = @. Because of f is p-weak continuity, there
exists two sets where U € t; and U, € t; holding a; and a, respectively, where f(U;) S og;-cl(V) and
f(U,) € o;-cl(W). So, (U; xU,)n E =@. Therefore, U; XU, is (i,j)-openin X X X containing
(as,ay). It followsthat E is (i,j)-closedin X X X.m

Theorem 9. Consider that a function f: (X, T4, ;) = (Y,04,0,) is p-weak continuity as-well-as one-to-one. If
(Y,04,0,) is (o3, 0)-Urysohn space, then (X, 1y, T,) is (T, T;)-Hausdorff space.

Proof. Letx;,x, € X suchthat x; # x,. Since the function f is one-to-one, we have f(x;) # f(x;). Due

to Urysohntness of Y, there existtwo sets V; € o; and V, € g; in Y where f(x;) € V4, f(x;) € V, and
gi- cl(Vy) no;- cl(V,) = 0.
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= 7;- int(f 7 (05- cl(V1))) N 1j- int(f 7 (0;- cl(V,))) = @.

Since f is pairwise weak continuous, it follows

x; € f7H((V) € 1y int (f (o5~ cl(V1)))
x; € f7H((V) € 7j- int (f " (0;- cl (V).

Therefore, X is (T, T;)-Hausdorff space.m

Theorem 10. If (X,t,,T,) is (ri,r]-)-connected space and f: (X, 1, 1,) = (Y,04,0,) is p-weak continuity and
onto, so Y is (o, o;)-connected space.

Proof. Consider that a space Y is not (oi,oj)-connected space, so we obtain two sets V; € o; and V, € oj in
Y where VynV, =0 also V; UV, =Y.Now, f~1(V)nf~1(V,) =@ and f~1(V,) U f~1(V,) = X. Because
f isonto, f~%(V,) # @ as k = 1,2. By weakness of f, so

D) < 1= int(f 7 (07~ cl (1))
W) € - int(F~ (ai- cl(V2))) -

Because V; is o; —open and o; —closed set and also V, is o; —open and o; —closed set in Y, we have
fH WD) e o int (£ (V)
F U (W) € - int(F1(V)).

Then, f~1(())) € ;and £~((V,)) € ;. It means the space X must not be (T, 7;)-connectedness. It is
contrary to that X is (t;,7;)-connected space. Thus, (Y,03,0,) is (o3, 0;)-connected space.m

Theorem 11. Suppose that (Y, 04,0,) is (oi, 0]-) —locally connected space and a function f: X > Y is a
onto p-almost continuity. If f and £~ both preserve connected sets, so f is (i,j)- weak continuity.

Proof. Consider V € g; as connected basic. If x € rj—cl(f‘l(V)) — f~!(gj- cl(V)), so there exists a
connected set W € g; where f(x) €W also VNnW =@. Because f~1(V)# @ and f~1(W) # @, then
(VUW) n f(X) is disconnected. Since f and f~! both preserve connected sets, f~1(V) and f~1(W) are
connected and 7;- cl(f~1(V)) n f7Y(W) # @. Therefore f~2(V) U f~*(W) = f~*(V UW) is connected.
Then f(f~1(V UW)) = (Vv UW) n f(X) is connected. This is contradiction, so that

- cl(f (V) € f(gj- cl(V)).
Thus f should be (i, j)- subweak continuity. A function f is (i,j)- weak via Theorem 5.m

4. Conclusion
In this work, we consider the notion of weak continuity in bitopology. Further, we study its characterizations and
basic properties. Also, we set some relations between p-weak continuity with some kind of continuity in
bitopology. In addition, we study its attitude with pairwise Urysohness, pairwise connectedness and pairwise
Hausdorffness.
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