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Abstract:  

In this article, the coupled version of the nonlinear (2+1)-dimensional Kundu-Mukherjee-Naskar equation in 

fiber bragg gratings was examined. To support the new optical solutions of the coupled form of the nonlinear 

(2+1)-dimensional Kundu-Mukherjee-Naskar equation in Fiber Bragg Gratings (FBGs), three well-known 

techniques were used: Periodic Cross-Kink wave, Rogue wave, and Lump interaction with kink and rogue 

waves. A novel type of traveling wave solution with interaction phenomena was produced by applying the 

proper functions of the solutions. Two and three-dimensional visualizations were used to depict the dynamics of 

the created solutions, demonstrating the dependability and effectiveness of the offered methods. 
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 الملخص 

 غير الخطية في شبكات الألياف   (1+2)  ناسكار – موخرجي -في هذه المقالة، تم فحص النسخة المزدوجة لمعادلة كوندو

Bragg.  غير الخطية في شبكات   (1+2)ناسكار  - موخرجي -لدعم الحلول البصرية الجديدة للشكل المزدوج لمعادلة كوندو

( الضوئية  تم  FBGsالألياف  ال(،  والموجة  الدورية،  التشابك  موجة  معروفة:  تقنيات  ثلاث  والتفاعل  عملاقةاستخدام   .

. تم إنتاج نوع جديد من حلول الموجات المتنقلة مع ظواهر التفاعل من خلال تطبيق  عملاقةالمقطوع مع الأمواج الملتوية وال

لتصوير ديناميكيات الحلول التي تم إنشاؤها، مما يدل الوظائف المناسبة للحلول. تم استخدام تصورات ثنائية وثلاثية الأبعاد  

 .على موثوقية وفعالية الأساليب المقدمة

 

المفتاحية: ا  الكلمات  الموجة  الضوئية،  الالمنعزلات  الموجة  الدورية،  المق عملاقةلمتقاطعة  التفاعل  المتعرجة  ،  الموجات  مع  طوع 

 . ناسكا -موخيرجي -، معادلة كوندوBragg، شبكات الألياف عملاقةوال

1. Introduction 

Soliton waves occur due to a balance between dispersive and nonlinear effects. Recently, these waves have 

emerged in various fields including molecular material science, optics, liquids, plasma, atomic material science, 

and astronomy [1–27]. The speed and shape of the solitons remain constant over time. Owing to their 

applications, Fiber Bragg Gratings (FBGs) have garnered significant interest from physicists and engineers in 

recent years. FBGs are utilized in all-optical communication frameworks, thus they have been undergone 

extensively using a variety of assortment of strategies including, the three-wave method, double exponential, 

homoclinic breather, M-Shaped rational, M-Shaped with one kink, and M-Shaped with two kink [28], extended 

trial function method [29] etc. The study model in this article is a specific sort of NLSE with a particular shape 

of non-linearity and scattering terms [32–34]. 

     In this paper, we investigate the Kundu-Mukherjee-Naskar model in FBGs for periodic cross-kink waves, 

rogue waves, and lump interaction with kink and rogue waves. The solutions addressed in this paper are novel 

because the Kundu-Mukherjee-Naskar model in FBGs has never been studied using the three methods used 

here. The extra findings in this paper improve the outcomes reported in reference [28]. The nonlinear (2+1)-

dimensional Kundu-Mukherjee-Naskar model is written out as [32–34]: 

 

 

 𝑖𝜓𝑡 + 𝑎𝜓𝑥𝑦 + 𝑖𝑏(𝜓𝜓𝑥
∗ − 𝜓∗𝜓𝑥)𝜓 = 0, (1.1) 

 Here 𝑎, 𝑏 are constants and 𝜓(x, y, 𝑡) is a complex-valued function that depicts the wave profile. The symbol 

𝑖𝜓(𝑡) represents the linear temporal evolution, the dispersion term consedered by 𝑎𝜓𝑥𝑦 , the sign for non-

linearity is 𝑖𝑏(𝜓𝜓𝑥
∗ − 𝜓∗𝜓𝑥)𝜓, and 𝑖 = √−1. Following is the initial introduction of coupled vector version of 

(1.1)[1]:  

 

𝑖𝜓𝑡 + 𝑎1𝜙𝑥𝑦 + 𝑖[(𝑏1𝜓2 + 𝑐1𝜙2)𝜓𝑥
∗ − (𝑑1|𝜓|2 + 𝑒1|𝜙|2)𝜓𝑥] + 𝑖𝛼1𝜓𝑥 + 𝛽1𝜙 + 𝜎1𝜓∗𝜙2 = 0,

𝑖𝜙𝑡 + 𝑎2𝜓𝑥𝑦 + 𝑖[(𝑏2𝜙2 + 𝑐2𝜓2)𝜙𝑥
∗ − (𝑑2|𝜙|2 + 𝑒2|𝜓|2)𝜙𝑥] + 𝑖𝛼2𝜙𝑥 + 𝛽2𝜓 + 𝜎2𝜙∗𝜓2 = 0,

 (1.2) 

 Here 𝜓(𝑥, 𝑦, 𝑡), 𝜙(𝑥, 𝑦, 𝑡) are complex functions that depicts the wave profiles and 

𝑎𝑗 , 𝑏𝑗 , 𝑐𝑗 , 𝑑𝑗 , 𝑒𝑗 , 𝛼𝑗, 𝛽𝑗 , 𝜎𝑗 , (𝑗 = 1,2) are constants. Here 𝑎𝑗 is a representation of the dispersion terms coefficients. 

The variables 𝑏𝑗 , 𝑐𝑗 , 𝑑𝑗 , 𝑒𝑗(𝑗 = 1,2) serve as a representation of the non-linearity. The variables 𝑎𝑗 , 𝛽𝑗 , and 𝜎𝑗 

represent the inter-modal dispersions, the detuning, and the four-wave mixing respectively. The major goal of 

this article is to obtain Multi-waves, Double exponential and interaction phenomena, homoclinic breather 

approach, M- Shaped rational solutions, M-Shaped interaction with one kink, and M-Shaped interaction with 

two kink for Eq.(1.2). This article is organized as follows: Section 2 introduces the mathematical preliminaries. 

We provide the solutions of (1.2) in Sections 3,4,5,6,7, and 8. A few solutions are depicted numerically in 

Section 9. The conclusion is illustrated in Section 10.  

 

2. Mathematical preliminaries 

     The guiding principle for resolving the coupled equation under consideration is provided by  

 𝜓(𝑥, 𝑡) = 𝑤1(𝜁), (2.1) 

  𝜙(𝑥, 𝑡) = 𝑤2(𝜁), (2.2) 

 where 𝑤𝑗 , (𝑗 = 1,2) depicts the pulse forms, and  

 𝜁(𝑥, 𝑡) = 𝑘1𝑥 + 𝑘2𝑦 − 𝜈𝑡, (2.3) 
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where 𝑘1, 𝑘2, and 𝜈 are non-zero constants.The direct cosines 𝑘1 and 𝑘2 denote the inverse soliton widths in the 

𝑥 and 𝑦 directions, while 𝜈 is the soliton speed. By incorporating (2.2) and (2.3) into (1.2) we obtain  

 

𝑎1𝑘1𝑘2𝑤2
′′ + 𝑘1𝑤2 + 𝜎1𝑤1𝑤2

2 + 𝑖((𝛼1𝑘1 − 𝜈)𝑤1
′ + 𝑘1(𝑏1 − 𝑑1)𝑤1

2𝑤1
′ + 𝑘1(𝑐1 − 𝑒1)𝑤2

2𝑤1
′) = 0, (2.4) 

 𝑎2𝑘1𝑘2𝑤2
′′ + 𝑘1𝑤2 + 𝜎2𝑤1𝑤2

2 + 𝑖((𝛼2𝑘1 − 𝜈)𝑤1
′ + 𝑘1(𝑏2 − 𝑑2)𝑤1

2𝑤1
′ + 𝑘1(𝑐2 − 𝑒2)𝑤2

2𝑤1
′) = 0. (2.5) 

 

 The result of combining equations (2.4) and (2.5) is   

𝑎𝑗𝑘1𝑘2𝑤𝑙
′′ + 𝑘1𝑤𝑙 + 𝜎𝑗𝑤𝑗𝑤𝑙

2 + 𝑖((𝛼𝑗𝑘1 − 𝜈)𝑤𝑗
′ + 𝑘1(𝑏𝑗 − 𝑑𝑗)𝑤𝑗

2𝑤𝑗
′ + 𝑘1(𝑐𝑗 − 𝑒𝑗)𝑤𝑙

2𝑤𝑗
′) = 0, (2.6)  

By applying the balancing principle to the situation where 𝑗 = 1,2 and 𝑙 = 3 − 𝑗, we obtain 𝑤𝑙 = 𝐴𝑤𝑗, 𝐴 ∈ ℝ −

{0,1}.   

 

𝑎𝑗𝑘1𝑘2𝐴𝑤𝑗
′′ + 𝐴𝑘1𝑤𝑗 + 𝐴2𝜎𝑗𝑤𝑗

3 + 𝑖((𝛼𝑗𝑘1 − 𝜈)𝑤𝑗
′ + 𝑘1(𝑏𝑗 − 𝑑𝑗 + 𝐴2(𝑐𝑗 − 𝑒𝑗))𝑤𝑗

2𝑤𝑗
′) = 0, (2.7) 

 dividing up into real and imaginary components we obtain:  

 

 𝑎𝑗𝑘1𝑘2𝑤𝑗
′′ + 𝑘1𝑤𝑗 + 𝐴𝜎𝑗𝑤𝑗

3 = 0, (2.8) 

  (𝛼𝑗𝑘1 − 𝜈)𝑤𝑗
′ + 𝑘1(𝑏𝑗 − 𝑑𝑗 + 𝐴2(𝑐𝑗 − 𝑒𝑗))𝑤𝑗

2𝑤𝑗
′ = 0, (2.9) 

equation (2.9) provides us with 𝐴 = ±√
𝑑𝑗−𝑏𝑗

𝑐𝑗−𝑒𝑗
 and  

 𝜈 = 𝛼𝑗𝑘1, (2.10) 

  and the condition (𝑑𝑗 − 𝑏𝑗)(𝑐𝑗 − 𝑒𝑗) > 0 is obtained.   

 

 𝑤𝑗 = 2(ln𝑢)𝜁 , (2.11) 

 equation (2.8) is transformed using the log transformation [38], and the result is  

 

 𝑎𝑗𝑘1𝑘2(𝑢2𝑢𝜁𝜁𝜁 − 3𝑢𝑢𝜁𝑢𝜁𝜁) + (2𝑎𝑗𝑘1𝑘2 + 4𝐴𝜎𝑗)𝑢𝜁
3 + 𝑘1𝑢2𝑢𝜁 = 0. (2.12) 

3. Periodic Cross-Kink wave 

    we study periodic cross-kink wave solutions which contain exponential function,   trigonometric function, and 

hyprabolic function. setting  

 𝑢 = 𝑒−(𝑎3+𝑎4𝜁) + 𝑏3 𝑒(𝑎3+𝑎4𝜁) + 𝑏4 𝑐𝑜𝑠(𝑎5 + 𝑎6𝜁) + 𝑏5 𝑐𝑜𝑠ℎ(𝑎7 + 𝑎8𝜁) + 𝑎9, (3.1) 

 where 𝑎𝑖(3 ≤ 𝑖 ≤ 9) and 𝑏𝑗(𝑗 = 3,4,5) are real parameters. Put 𝑢 into equation (2.12) and collecting all the 

paramameters of 𝑒(𝑎3+𝑎4𝜁) cosh2(𝑎7 + 𝑎8𝜁), 𝑒(𝑎3+𝑎4𝜁)(𝑠𝑖𝑛ℎ(𝑎7 + 𝑎8𝜁)𝑐𝑜𝑠ℎ(𝑎7 + 𝑎8𝜁)) , 

𝑒𝑖(𝑎3+𝑎4𝜁),sinh𝑖(𝑎7 + 𝑎8𝜁),cosh𝑗(𝑎7 + 𝑎8𝜁),cosh𝑗(𝑎7 + 𝑎8𝜁)  𝑠𝑖𝑛ℎ(𝑎7 + 𝑎8𝜁), 𝑒𝑗(𝑎3+𝑎4𝜁)(𝑐𝑜𝑠ℎ(𝑎7 + 𝑎8𝜁)), 

𝑒𝑗(𝑎3+𝑎4𝜁)(𝑠𝑖𝑛ℎ(𝑎7 + 𝑎8𝜁)) for (𝑖 = 1,2,3) , (𝑗 = 1,2), and the powers of 𝜁’s. We get system of equations 

which gives following values of parameters: 

 

Case 1: 𝑎3 = 𝑎3, 𝑏3 = 𝑏3, 𝑏4 = 𝑏4, 𝑏5 = 𝑏5, 𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7, 𝑎8 = 𝑎8, 𝑎9 = 𝑎9,  𝑎4 = −
1

√2𝑎𝑗𝑘2
  

and 𝜎𝑗 = −
𝑎𝑗𝑘1𝑘2

2𝐴
 . 

Putting these constants into (3.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

For  𝜎1 = −
𝑎1𝑘1𝑘2

2𝐴
 

𝜓(𝑥, 𝑦, 𝑡) = 2

1

√2𝑎𝑗𝑘2

𝑒
−(𝑎3−

1

√2𝑎1𝑘2
𝜁)

−
𝑏1

√2𝑎𝑗𝑘2

 𝑒
(𝑎3−

1

√2𝑎1𝑘2
𝜁)

−𝑎6 𝑏2  𝑠𝑖𝑛(𝑎5+𝑎6𝜁)+𝑎8 𝑏3 𝑠𝑖𝑛ℎ(𝑎7+𝑎8𝜁)

𝑒
−(𝑎3−

1

√2𝑎1𝑘2
𝜁)

+𝑏1 𝑒
(𝑎3−

1

√2𝑎1𝑘2
𝜁)

+𝑏2 𝑐𝑜𝑠(𝑎5+𝑎6𝜁)+𝑏3 𝑐𝑜𝑠ℎ(𝑎7+𝑎8𝜁)+𝑎9

, (3.2) 

  

For  𝜎2 = −
𝑎2𝑘1𝑘2

2𝐴
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𝜙(𝑥, 𝑦, 𝑡) = 2

1

√2𝑎𝑗𝑘2

𝑒
−(𝑎3−

1

√2𝑎2𝑘2
𝜁)

−
𝑏1

√2𝑎𝑗𝑘2

 𝑒
(𝑎3−

1

√2𝑎2𝑘2
𝜁)

−𝑎6 𝑏2  𝑠𝑖𝑛(𝑎5+𝑎6𝜁)+𝑎8 𝑏3 𝑠𝑖𝑛ℎ(𝑎7+𝑎8𝜁)

𝑒
−(𝑎3−

1

√2𝑎2𝑘2
𝜁)

+𝑏1 𝑒
(𝑎3−

1

√2𝑎2𝑘2
𝜁)

+𝑏2 𝑐𝑜𝑠(𝑎5+𝑎6𝜁)+𝑏3 𝑐𝑜𝑠ℎ(𝑎7+𝑎8𝜁)+𝑎9

. (3.3) 

  

 

 

Figure 1: For 𝑏1 = 0.1, 𝑏3 = 2, 𝑏4 = −1, 𝑏5 = 0.5, 𝑐1 = 0.2,  𝑑1 = 0.2, 𝑒1 = 0.1, 𝛼1 = −2, 𝑘1 =
−0.55, 𝑘2 = −0.9, 𝑎3 = 2, 𝑎5 = 1.2, 𝑎6 = 2.5, 𝑎7 = 0.9, 𝑎8 = 1,  𝑎9 = 3, with 𝑥 ∈ [−4 , 4], 𝑦 ∈ [−4 , 4], and 

𝑡 ∈ [0 , 2]. 

 

Case 2: 𝑎3 = 𝑎3, 𝑏1 = 𝑏1, 𝑏2 = 𝑏2, 𝑏3 = 𝑏3, 𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7, 𝑎8 = 𝑎8, 𝑎9 = 𝑎9,  𝑎4 =
1

√2𝑎𝑗𝑘2
  

and 𝜎𝑗 = −
𝑎𝑗𝑘1𝑘2

2𝐴
 . 

 

Putting these constants into (3.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

For  𝜎1 = −
𝑎1𝑘1𝑘2

2𝐴
 

𝜓(𝑥, 𝑦, 𝑡) = 2

−
1

√2𝑎𝑗𝑘2

𝑒
−(𝑎3+

1

√2𝑎1𝑘2
𝜁)

+
𝑏1

√2𝑎𝑗𝑘2

 𝑒
(𝑎3+

1

√2𝑎1𝑘2
𝜁)

−𝑎6 𝑏2 𝑠𝑖𝑛(𝑎5+𝑎6𝜁)+𝑎8 𝑏3 𝑠𝑖𝑛ℎ(𝑎7+𝑎8𝜁)

𝑒
−(𝑎3+

1

√2𝑎1𝑘2
𝜁)

+𝑏1 𝑒
(𝑎3+

1

√2𝑎1𝑘2
𝜁)

+𝑏2  𝑐𝑜𝑠(𝑎5+𝑎6𝜁)+𝑏3 𝑐𝑜𝑠ℎ(𝑎7+𝑎8𝜁)+𝑎9

, (3.4) 

  

For  𝜎2 = −
𝑎2𝑘1𝑘2

2𝐴
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𝜙(𝑥, 𝑦, 𝑡) = 2

−
1

√2𝑎𝑗𝑘2

𝑒
−(𝑎3+

1

√2𝑎2𝑘2
𝜁)

+
𝑏1

√2𝑎𝑗𝑘2

 𝑒
(𝑎3+

1

√2𝑎2𝑘2
𝜁)

−𝑎6 𝑏2 𝑠𝑖𝑛(𝑎5+𝑎6𝜁)+𝑎8 𝑏3 𝑠𝑖𝑛ℎ(𝑎7+𝑎8𝜁)

𝑒
−(𝑎3+

1

√2𝑎2𝑘2
𝜁)

+𝑏1 𝑒
(𝑎3+

1

√2𝑎2𝑘2
𝜁)

+𝑏2 𝑐𝑜𝑠(𝑎5+𝑎6𝜁)+𝑏3  𝑐𝑜𝑠ℎ(𝑎7+𝑎8𝜁)+𝑎9

. (3.5) 

 

Case 3: 𝑎3 = 𝑎3, 𝑏1 = 𝑏1, 𝑏2 = 𝑏2, 𝑏3 = 𝑏3, 𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7, 𝑎8 = 𝑎8, 𝑎9 = 𝑎9, 𝑎4 = 0  

and 𝜎𝑗 = −
𝑎𝑗𝑘1𝑘2

2𝐴
 . 

Putting these constants into (3.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

For   𝜎1 = −
𝑎1𝑘1𝑘2

2𝐴
  and 𝜎2 = −

𝑎2𝑘1𝑘2

2𝐴
 

 

     𝜓(𝑥, 𝑦, 𝑡) = 𝜙(𝑥, 𝑦, 𝑡) = 2
−𝑎6 𝑏2 𝑠𝑖𝑛(𝑎5+𝑎6𝜁)+𝑎8 𝑏3 𝑠𝑖𝑛ℎ(𝑎7+𝑎8𝜁)

𝑒−(𝑎3)+𝑏1 𝑒(𝑎3)+𝑏2 𝑐𝑜𝑠(𝑎5+𝑎6𝜁)+𝑏3 𝑐𝑜𝑠ℎ(𝑎7+𝑎8𝜁)+𝑎9
. (3.6) 

4. Rogue wave 

 Substituting  with  

 

 𝑢 = (𝑎3 + 𝑎4𝜁)2 + (𝑎5 + 𝑎6𝜁)2 + 𝑚1 cosh(𝑎7 + 𝑎8𝜁) + 𝑎9,                                                          (4.1) 

into (2.12) with the help of symbolic accounts having all the coefficients of all powers of cosh(𝑎7 +
𝑎8𝜁), sinh(𝑎7 + 𝑎8𝜁), cosh(𝑎7 + 𝑎8𝜁) sinh(𝑎7 + 𝑎8𝜁), cosh2(𝑎7 + 𝑎8𝜁) sinh(𝑎7 + 𝑎8𝜁), sinh2(𝑎7 + 𝑎8𝜁), 

sinh3(𝑎7 + 𝑎8𝜁) and the power of 𝜁 we get a system of algebraic equations. By solving the system, we obtain: 

 

Case 1: :  𝑎3 = 𝑎3, 𝑎4 = 𝑎4,    𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7,  𝑎9 = 𝑎9, 𝑚1 = 𝑚1,   𝑎8 = −
1

2
√

−𝑘1

𝐴𝜎𝑗
, 𝜎𝑗 = 𝜎𝑗  

and 𝑘2 = −
2𝐴𝜎𝑗

𝑎𝑗𝑘1
 .  provided 𝑘1(𝐴𝜎𝑗) < 0 and 𝑎𝑗𝑘1 ≠ 0. 

 

Putting these constants into (4.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

        𝜓(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)−

1

2
√

−𝑘1
𝐴𝜎1

 𝑚1 sinh(𝑎7−
1

2
√

−𝑘1
𝐴𝜎1

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 cosh(𝑎7−
1

2
√

−𝑘1
𝐴𝜎1

𝜁)+𝑎9

, (4.2) 

  

      𝜙(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)−

1

2
√

−𝑘1
𝐴𝜎2

 𝑚1 sinh(𝑎7−
1

2
√

−𝑘1
𝐴𝜎2

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 cosh(𝑎7−
1

2
√

−𝑘1
𝐴𝜎2

𝜁)+𝑎9

. (4.3) 

 Case 2:  𝑎3 = 𝑎3, 𝑎4 = 𝑎4,    𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7,  𝑎9 = 𝑎9, 𝑚1 = 𝑚1,   𝑎8 =
1

2
√

−𝑘1

𝐴𝜎𝑗
 and 𝑘2 = −

2𝐴𝜎𝑗

𝑎𝑗𝑘1
 .  

provided 𝑘1(𝐴𝜎𝑗) < 0 and 𝑎𝑗𝑘1 ≠ 0. 

 

Putting these constants into (4.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

        𝜓(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+

1

2
√

−𝑘1
𝐴𝜎1

 𝑚1 sinh(𝑎7+
1

2
√

−𝑘1
𝐴𝜎1

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 cosh(𝑎7+√
−𝑘1
𝐴𝜎1

𝜁)+𝑎9

, (4.4) 

      𝜙(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+

1

2
√

−𝑘1
𝐴𝜎2

 𝑚1 sinh(𝑎7+
1

2
√

−𝑘1
𝐴𝜎2

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 cosh(𝑎7+
1

2
√

−𝑘1
𝐴𝜎2

𝜁)+𝑎9

. (4.5) 
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Figure 2: For  𝑐1 = 0.2,  𝑑1 = 0.2, 𝑒1 = 0.1, 𝛼1 = −2, 𝑘1 = −0.55, 𝑘2 = −0.9, 𝑎1 = 0.1, 𝑎3 = 2, 𝑎4 =

−0.52, 𝑎5 = 1.2, 𝑎6 = 2.5, 𝑎7 = 0.9,   𝑎9 = 3, 𝜎1 = 0.135, 𝑚1 = 0.5 with x ∈ [−4 , 4], y ∈ [−4 , 4], and t ∈
[0 , 2]. 

5. Lump interaction with kink and rogue wave 

We obtain the solutions of Lump interaction with kink and rogue wave, which consist of the sum of 

exponential, quadratic and hyperbolic trigonometry function. We assume the following function 

 𝑢 = (𝑎3 + 𝑎4𝜁)2 + (𝑎5 + 𝑎6𝜁)2 + 𝑚1𝑒(𝑎7+𝑎8𝜁) + 𝑚2 𝑐𝑜𝑠ℎ(𝑎9 + 𝑎10𝜁) + 𝑎11, (5.1) 

 

 where 𝑎𝑖, (𝑖 = 3, . . . ,11), 𝑚1 and 𝑚2 are constants to be determined later. Substituting into (2.12) 

with the help of symbolic accounts having all the coefficients of sinh𝑖(𝑎9 + 𝑎10𝜁),cosh𝑗(𝑎9 + 𝑎10𝜁), 

sinh(𝑎9 + 𝑎10𝜁) cosh𝑗(𝑎9 + 𝑎10𝜁), 𝑒i (𝑎7𝜁+𝑎8),  𝑒j (𝑎7𝜁+𝑎8)𝑐𝑜𝑠ℎ(𝑎9 + 𝑎10𝜁) 𝑒j (𝑎7𝜁+𝑎8)𝑠𝑖𝑛ℎ(𝑎9 + 𝑎10𝜁), 

𝑒  (𝑎7𝜁+𝑎8)𝑠𝑖𝑛ℎ(𝑎9 + 𝑎10𝜁)𝑐𝑜𝑠ℎ(𝑎9 + 𝑎10𝜁), 𝑒  (𝑎7𝜁+𝑎8) cosh2(𝑎9 + 𝑎10𝜁), for (𝑖 = 1,2,3) , (𝑗 = 1,2), and the 

powers of 𝜁’s. We get system of equations which gives following values of parameters: 
 

Case 1: 𝑎3 = 𝑎3, 𝑎4 = 𝑎4, 𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7,  𝑎8 = 𝑎8,  𝑎9 = 𝑎9, 𝑚1 = 𝑚1,     𝑚2 = 𝑚2, 𝑎10 =

−
1

2
√

−𝑘1

𝐴𝜎𝑗
,  𝑎11 = −(𝑎5

2 + 𝑎3
2), and 𝑘2 = −

2𝐴𝜎𝑗

𝑎𝑗𝑘1
 .  provided 𝑘1(𝐴𝜎𝑗) < 0 and 𝑎𝑗𝑘1 ≠ 0. 

 

Putting these constants into (5.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

𝜓(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+𝑎8𝑚1 𝑒(𝑎7+𝑎8𝜁)− 

1

2
√

−𝑘1
𝐴𝜎1

 𝑚2 𝑠𝑖𝑛ℎ(𝑎9− 
1

2
√

−𝑘1
𝐴𝜎1

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 𝑒(𝑎7𝜁+𝑎8)+𝑚2 𝑐𝑜𝑠ℎ(𝑎9− 
1

2
√

−𝑘1
𝐴𝜎1

𝜁)+𝑎11

, (5.2) 

 

𝜙(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+𝑎8𝑚1 𝑒(𝑎7+𝑎8𝜁)− 

1

2
√

−𝑘1
𝐴𝜎2

 𝑚2 𝑠𝑖𝑛ℎ(𝑎9− 
1

2
√

−𝑘1
𝐴𝜎2

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 𝑒(𝑎7𝜁+𝑎8)+𝑚2 𝑐𝑜𝑠ℎ(𝑎9− 
1

2
√

−𝑘1
𝐴𝜎2

𝜁)+𝑎11

. (5.3) 
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Figure 3: For 𝑏1 = 0.2, 𝑐1 = 0.2,  𝑑1 = 0.2, 𝑒1 = 0.1, 𝛼1 = −2, 𝑘1 = −0.55, 𝑎1 = 0.1, 𝑎3 = 2, 𝑎4 =

−0.52, 𝑎5 = 1.2, 𝑎6 = 2.5, 𝑎7 = 2, 𝑎8 = −0.52, 𝑎9 = 0.9, 𝜎1 = 0.135, 𝑚1 = 2, 𝑚2 = 0.5  with x ∈
[−4 , 4], y ∈ [−4 , 4], and t ∈ [0 , 2]. 

 

 Case 2: : 𝑎3 = 𝑎3, 𝑎4 = 𝑎4, 𝑎5 = 𝑎5, 𝑎6 = 𝑎6, 𝑎7 = 𝑎7,  𝑎8 = 𝑎8,  𝑎9 = 𝑎9, 𝑚1 = 𝑚1,     𝑚2 = 𝑚2, 𝑎10 =
1

2
√

−𝑘1

𝐴𝜎𝑗
,  𝑎11 = −(𝑎5

2 + 𝑎3
2), and 𝑘2 = −

2𝐴𝜎𝑗

𝑎𝑗𝑘1
 .  provided 𝑘1(𝐴𝜎𝑗) < 0 and 𝑎𝑗𝑘1 ≠ 0. 

 

Putting these constants into (5.1) and then using (2.11), we deduce the solution for equation (1.2) as follows:  

 

𝜓(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+𝑎8𝑚1 𝑒(𝑎7+𝑎8𝜁)+ 

1

2
√

−𝑘1
𝐴𝜎1

 𝑚2 𝑠𝑖𝑛ℎ(𝑎9+ 
1

2
√

−𝑘1
𝐴𝜎1

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 𝑒(𝑎7𝜁+𝑎8)+𝑚2 𝑐𝑜𝑠ℎ(𝑎9+ 
1

2
√

−𝑘1
𝐴𝜎1

𝜁)+𝑎11

, (5.4) 

 

𝜙(𝑥, 𝑦, 𝑡) = 2
2𝑎4(𝑎3+𝑎4𝜁)+2𝑎6(𝑎5+𝑎6𝜁)+𝑎8𝑚1 𝑒(𝑎7+𝑎8𝜁)+ 

1

2
√

−𝑘1
𝐴𝜎2

 𝑚2 𝑠𝑖𝑛ℎ(𝑎9− 
1

2
√

−𝑘1
𝐴𝜎2

𝜁)

(𝑎3+𝑎4𝜁)2+(𝑎5+𝑎6𝜁)2+𝑚1 𝑒(𝑎7𝜁+𝑎8)+𝑚2 𝑐𝑜𝑠ℎ(𝑎9+ 
1

2
√

−𝑘1
𝐴𝜎2

𝜁)+𝑎11

. (5.5) 

6. Numerical simulation 

In this section, we investigate the coupled form of the nonlinear (2+1)-dimensional Kundu-Mukherjee-Naskar 

equation in fiber bragg gratings for Periodic Cross-Kink solutions, Rogue solutions, and Lump interaction with 

kink and rogue solutions using the log transformation (2.11). Utilizing the proper functions of the solutions 

yields Periodic Cross-Kink solutions Eqs.(3.2 – 3.6), Rogue solutions Eqs.(4.2 – 4.5), and Lump interaction 

with kink and rogue solutions Eqs.(5.2 – 5.5). Figs. 1 represents (2&3)-D Periodic Cross-Kink soliton solutions. 

Figs. 2 represents (2&3)-D Rogue (kink-bright-dark)soliton solutions. Figs. 3 illustrate (2&3)-D Lump 

interaction with kink and rogue (kink-bright-dark)soliton solutions. 
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7. Conclusion 

In this study, we retrieved new optical solutions for the nonlinear (2+1)-dimensional Kundu-Mukherjee-Naskar 

equation in Fiber Bragg Gratings using three effective techniques: Periodic Cross-Kink wave, Rogue wave, and 

Lump interaction with kink and rogue waves. New Periodic Cross-Kink soliton solutions, Rogue (kink-bright-

dark) soliton solutions, and lump interaction with kink and rogue (kink-bright-dark) soliton solutions were 

extracted. Visual representations of the solutions were also included. To the best of our knowledge, this study is 

the first to identify the outcomes of this model. 
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