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Abstract:

In this research, wide-field integral equations were studied due to their physical, engineering, medical, and other
applications. The Abaoub-Shkeam transform was used, which is a mathematical tool that showed results in partial
differential and integral equations. It was recently developed to obtain the analytical to the solution for the linear
Volterra integral equation of the first type and Also the Volterra equation of the second type and the Volterra
differential-integral equation. For this, we assume that the transform kernel is a convolution kernel.

Some Applications were shown to demonstrate the efficiency and precision of the Abaoub-Shkheam transform
method for resolving types of Volterra integral equations, and Bessel function's Abaoub-Shkheam transform was
inferred.
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Introduction

Problems in engineering, physics, and applied disciplines represent linear or nonlinear integral equations. There
are several ways to accurately solve these equations [1]. Sharma et al. [2-3] studied different integral
transformations (Kamal transform, Mahjoub transform, Muhannad transform, Zaki transform) to solve the
Aggarwal discussed with other scholars [4-5] the solution of Volterra's linear integral differential equations of the
second type using different integral transform (perfect transformation, Mahjoub transform, Abudha

transform, Sadiq transform). In [6] Adomian introduced and developed the so-called decomposition method for
solving differential equations, integral and partial differential equations.

Many researchers were interested in studying the integral transformation, including a new transformation, the Job-
Shechem transformation, and its application[7]. We found that partial differential equations were studied[8]. By
[9] the partial linear integral differential equations were solved, Abaob et al. [10] The field decomposition

method was applied to the Volterra integral and the Type Il equation. In [11] Abaub found the exact solution of
the first-kind linear integral Volterra differential equation using the Abaub-Schichem transformation.

The article is divided into parts: ~ We introduced the concept of the Abaoub -Shkheam Transform, found the
formula for the Abaoub -Shkheam transform of Bessel functions,and we deduced the Abaoub -Shkheam
Transform for the Volterra integral equation of the first and the second type, as well as the Abaoub -Shkheam
Transform for the Volterra integro-differential equation of the second type, and Application of linear Volterra
equation in Medical science. finally presenting the results obtained from the study.

Research problem
Integral equations of convolutional type are used Describe many problems in engineering, medicine, and most
applied sciences. Solve these equations Using the conversion Abaoub — Shkheam.

Where conversion to solve the Volterra integral equation was discussed to solve this type of equation easily.

In this paper Abaoub-Shkeam integral transform simply converts Ab-Sh T, and we will refer to the Volterra
integral equation by VIE.

The Mathematical model

The Ab-Sh T was used mathematical model to solve types of VIE, which are usually solved using the Laplace
transform.

Basic concepts
Abaoub-Shkheam transform
Let f(vt) is a piecewise continuous function is defined by Ab-Shkheam T as follows:

-t
T(v,s) = f es fwt)dt = Q{f (t)} ;620
0
That integration exists for some s, where s € (—t;, t,).

The inverse Ab-Sh T is:
ft)=Q ' T(w,s)]=Q" U e f(vt)dtl ;=0
0

The model is as shown in the following Figure 1 shows the relationship between Q and Q!

/" N\

InvearsAbaoub- Abacub-shkheam
shkheam transform

transform
AN

Figure 1 Element Models of Abaoub-Shkheam transform
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Table 1 shows the transform of Ab-Sh for some functions:

S.N f@® Qf®}=T(,s)
1 [t :s>0n€eEN n! v st
2 at s
€ 1-—avs
3 s
4 ] avs?
sinat -
1+ a2v?s?
5 S
coshat 1- avist
6 2
sinh at _avs
1 — a?v?s?
n-1
! P Tws) 15 f90)
pnsn v & (U s)n—k—l

Details of the integral equations and the VIE can be found in [16], and the basics and properties of the Ab-Sh
conversion can be introduced [7], but they were not mentioned, In this paper to avoid repetition.

Results and discussion

1. Ab -Sh T of Bessel’s Functions

The Bessel function is used to solve many physical and engineering problems that are represented as a partial
differential equation or an integral equation.

Laplace transform of Bessel’s function [14]of J,(t)and [ (t) :

1
L{J,(D)} =
{]0 } \/sz
L t)}=1-
As for using Ab -Sh T of Bessel’s functions
t =
QUJo(0)} T
) = [1-—
2. Ab -Sh T For Linear VIE Of First type:

In this work, we will assume that the kernel of equation (1) is a convolutional type kernel that can be expressed
as the difference (x — t). Therefore, the general formula [15] for the VIE of the first type (1) is expressed as
follows:

fx) = fk(x, Hu(t)dt = fk(x — tu(t)dt (D

Applying the Ab -Sh T to both sides of equation (1). After that, we use the convolution theorem ,

we get:

Q{f ()} = v Q{k(x)} Q {u(t)} (2)
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Operating inverse Ab -Sh T on both sides of equation (2), we get:
[ elf ()}
u) =Q  \—rrm

v Q{ k(x)}
which is result the solution of equation (1)
3. Ab -Sh T For Linear VIE Of Second Type:
The general form [15] of linera VIE of Second Type is given by
X

ulx) = f(x) + Af k(x, u(t)dt 3

0
In this research, the kernel of equation (3) is a convolutional kernel. Therefore, equation (3) takes the following
form

ulx) = f(x) + AJ- k(x — t)u(t)dt 4

0
Operating Ab -Sh T on equation (4), and Use of convolution theorem in equation (4) gives
Q{f ()}
Q) = T, ok (5)
After applying the inverse Ab -Sh T to equation (5), the following result is obtained, which represents a solution
to equation (3):
4, Ab -Sh T For Linear VI -Differential Of Second Type:
The general form of the integral differential [16] equation of Volterra of the second type
X

u™x) = fF(x) + Af k(x, u(t)dt (6)
0

where u(x) is the solution of the equation; It is very necessary to determine the initial conditions
u(0),1'(0), ...,u™ 1 (0), VI- differential equations can be solved when the initial value problem is in the integral
equation.

Use the Ab-Sh T to solve equation (6). The kernel can be expressed as the difference (x — t) in equation (6).
Using the convolution theorem for the Ab-Sh T, we get

n-—1
Q{u(x)} 1 u®(0)
T ) oo = QU0 + we{k()Q{u)} (7

pnsh v & (U S)n—k—l

Operating inverse Aba-Sh T on both sides of (7), we have result

_ oo vt 1 u®(0)
u = {1 —qontisn Q{k(x)}} v k=OW+Q{f ()]

is solution of equation (7).

The following Figure 2 summarizes this paper

Invears Abaoub-
shkheam transform

Abaoub-shkheam us of convolution
transform | E> theorem | |:>

f U

( volterra integreal ’

equation of kinds u(x) is solution

Figure 2 Models of Abaoub-Shkheam transform solution of Volterra

Applications of Ab-Sh T to types VIE :
a) We assume that the linear VIE of the first type is
X

X = je(x‘t)u(t)dt

0
solution: Applying Ab -Sh T to both sides and using convolution theorem and simplify,
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we have
Qu()] = s —vs?
Operating inverse Ab -Sh T on both sides, we have
u(x) = Q7*[s — vs?]
=1-x
b) We assume that the linear VIE of the first type is

cosx — Jo(x) = — f]l(x —tu(t)dt

0
solution: Applying Ab —Sh T to both sides and using convolution theorem and simplify,

we have

S
ux)| = —/]m———
el = T

Operating inverse Ab -Sh T on both sides, we have

S
u(x) =01 [7
(=0 V1 + v2s?

= Jo(x)

c) We assume that the linear VIE of the second type is
X
ulx) =x+ f(t —x)u(t)dt

0
solution: Applying Ab -Sh T to both sides and using convolution theorem and simplify,

we have
2

()] =
Qul =17770
Operating inverse Ab -Sh T on both sides, we have
L[ ws?
ut) =0 1+ v?s?
=sinx
d) We assume that the linear VIE of the second type is
X

u(x) — f u(t)sin(x — t)dt = x

0
solution: Applying Ab -Sh T to both sides and using convolution theorem and simplify,
we have
Qu(x)] = vs? + v3s*
Operating inverse Ab -Sh T on both sides, we have
u(x) = Q vs? + v3s4]
x3
=x+ E

e) We assume that the linear VI-differential equation of second type

X

uwx)=2+ fu(t)dt ;

0
u(0) =2
solution: Applying Ab -Sh T to both sides and using initial condition, Using convolution theorem and simplify,
we have
25 + 2vs?
Q)] =3

— p2s2

Operating inverse Ab-Sh T on both sides, we have
S
=2 -1
u@®) ¢ [1 - vs]
=2e*

f) We assume that the linear VI-differential equation of second type

X

u"'(x)=-1 +J-u(t)dt ;

0
u(0) =u'(0) =1,u"(0) =-1
solution: Applying Ab -Sh T to both sides and using initial condition, Using convolution
theorem and simplify, we have
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vs?

Q] = 1+ v?s? + 1+ v?s?
Operating inverse Ab -Sh T on both sides, we have
wG) = Q-1 s N vs?

- 1+ v2s2 14 v?s?

= cosx + sinx
Application of Ab —-Sh T in Medical Science by linear VIE
During an intravenous injection (continuous) for determining blood glucose concentration C(x) of patient at any
particular time t. this concentration C(x) is determined by the following Volterra linear integral equation

Ckx) = + (%)x - kfxc@) dt
0

Where
k : constant velocity of elimination ,  V:volume in which glucose is distributed
a : the rate of infusion , C; : initial concentration of glucose in the blood
Solution :Applying Ab -Sh T to both sides and using convolution theorem and simplify,
we have
Cis + (%) vs?
C =— 7
Q(C@) 1+ kvs
Operating inverse Ab -Sh T on both sides, we have
a
C(x) = Cie ™™ + 7 (1 —e )

Conclusion

In this paper, Using the concept of improper integration, the Abaoub -Shkheam transform was introduced to
solve types of Volterra integral equations, as well as to solve the Volterra integral-differential equation of the
second type. We review in this research Some of our findings:

= Us Abaoub -Shkheam Transform of Bessel’s Functions.

= solve the second type of Volterra equations by Abaoub -Shkheam transform.

= |Integral equations are easily solved using Abaoub -Shkheam transform.
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