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Abstract:

In this work, we studied the solution of non-homogeneous Cauchy-Euler equations. To find the general
solution, we applied the differential transform method to the reduced associated homogenous equation, and to
find a particular solution, we applied the differential transform method to non-homogeneous equation. This
study showed that this technique is effective for solving the Cauchy-Euler equations and reduced the size of the
calculations compared with the usual methods, especially for the higher-order Cauchy-Euler equations.
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1. Introduction

The differential equations are important to engineers, physicists, mathematicians and researchers, because many
physical phenomena and engineering problems are modeled by ordinary or partial differential equations [1-5].
The Cauchy-Euler equations (CEES) are one of the important types of linear ordinary differential equations [1].
Ref. [6] used the Laplace method applied to find the general solution of the homogeneous CEE [6]. Usually, the
variation of parameters method applied to find a particular solution of special types of non-homogeneous CEEs
[1]. For CEEs with special bulge function, an expression of the general solution by [7]. Our main aim in this
work is to use the differential transform method (DTM) [8-9], to solve the CEEs. In ref. [10], they applied the
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DTM to find the particular solutions for some types of Cauchy-Euler ordinary differential equations. And a
reliable algorithm for solving CEEs is introduced [11]. The Cauchy-Euler equation has the form

Sax'y (=) &

In (1) a,,a,a,,..,a, are constants and we assume that g(X) is an analytic function. The associated
homogeneous equation of (1) is

Zn:aixiy“’(x):o 2

To reduced (1) to an equation of constant coefficients, we use the transform
X =g 3)

Hence, the transform (3) enables us to write the derivatives Y’ ,y" , Y " ,.... in the form

d _1dy
dx xdt
(4)
d’y _1(d’y dy
dx?  xZ(dt? dt
d’® 1(d® d? d
ety
dx’  x7| dt dt dt
As an example, for n = 2, the Cauchy-Euler equation (1) reads
axzd—zy+ xﬂ+ y=9g(x) (5)
K gy ’
Then by using (4), we can reduce (5) to an equation of constant coefficients of the form
d? d X
a F(a-a)dray- 10, 10-9e). ©

In this work, our technique to find the general solution of the CEE (1) is as following: First reduce the
associated homogeneous CEE to an equation with constant coefficients, and then we apply the DTM to find the
complementary solution. To find a particular solution, we apply the DTM to the CEEs (1).

2. Differential Transform Method
For any analytic function f (x), about X, = 0, the one-dimensional order differential transform (DT) of f (x)

is defined as

, k=012,.

(k)
D {r(x)} = Fo = 0
k!
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The inverse of F(k) denotes by D.* {F(k)} and leads to

D2 {F(K)} = f (x)= 3 F(k)x: ®)

k=0

Hence, we can prove that the DT (7) satisfies the linearity property

Theorem: D {af(x)xA9(x)} = aD; {f(x)}+ 8D, {g(x)}, 9)

for any analytic functions f(x)and f(x), and constants o and £ . And by following [12], we can list the
following fundamental theorems which we need in this work

{d"f(x)} (k+n)!

Theorem: D, =——F(k+n) (10)

dx" k!

Theorem: p_{x"}=&(k,m) (11)

Theorem: D {x"f("’(x)}: k! F(k) (12)
! (k—n)!

where, F (k) and G (k) are the differential transforms of the functions f (x) and g(x), respectively.
k

Theorem: D, {f,(x)- f,(x)} = > F(n)F,(k—n), (13)
n=0

where, F, (k) and F, (k) are the differential transforms of f (x) and f,(x), respectively.

3. Numerical Examples
To explain our approach of solving the non-homogeneous Cauchy-Euler equations (1), we study the following
examples and compare our solution with solution found by other analytical methods and techniques.

Example (1): Consider the Cauchy-Euler equation

d? d
N AL (14)

dx dx

The associated Cauchy-Euler equation of (14) reads

d? d
3/—2(;:—3y=0, (15)
dt

To find the solution of (15), we apply the DT on the equation as

D, {dj/}—ZDT {dy}—soT {y}=0 (16)
dt dt

Then by using (9) and (10), we can write
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(k+1)(k+2)Y (k+2)-2(k+1)Y (k+1)-3Y (k)=0. (17)

Next for (17), we can write the iteration formula:

2 3
Y(k+2)= Y(k+1)+————Y(k), k=012,... (18)
(k+2) (k+2)(k+1)
Now by using (18), we can calculate
3 7 5 7
Y (2) =Y (l)+§Y (0), v (S)ZEY (1)+Y (0), Y (4):EY (1)+§Y (0), --- (19)
This gives the complementary solution as
3 7 7 5
y, () =Y (0)(1+—t2+t3+—t4+...j+Y (1)('[ +t2+—t3+—t4+...j (20)
2 8 6 6
To simplify the solution (20), we set
Y(0)=c, +c, , Y (1)=-c, +3c, .
Where ¢, and c, are constants. This gives
t? t* ot 9 , 27, 81,
yc(t):cl[l—t+———+——...j+cz(1+3t +—t " +—t +—t +j (21)
21 31 41 2! 3! 41

Then, we can conclude the close form complementary solution of (15) is
y.(t)=ce " +ce*, (22)

Therefore, the close form complementary solution of associated homogeneous equation of (14) can be writing in
the form

Y. (x)= X t+e,X, (23)

Next, to find a particular solution, we apply the DT on both sides of the CEE (14) and using theorems (9-12).
This gives the iteration formula

20,,

— % k-012.. (24)
k(k—-1)—k—3

Y (k)
which yields Y (2)=—2/3 for K=2 and Y(k)=0 for k # 2. This leads to the solution particular solution

2
y,(x)=—-=x* (25)
3
At the end (23) and (25) lead to the general solution

y(x)=cx"+c,x° —%xz (26)
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Note that the auxiliary equation of (15) leads to the complementary solution (22) and hence (23) and any usually
method, will lead to the particular solution (25), [1].

Example (2): Consider the second order equation

d? d
xz—z—3x—y+3y=2x4ex, (27)

dx dx

The solution of the CEE (27) can be found by using the usual analytic methods. In ref. [1], the general solution
is found in the form

y(X) = Ex + E,x° + 2x%e* — 2xe*, (28)
which can be simplify as following:

© 1 . © 1 .
y(X) = EX+Gx° 42X —x'P -2y =x'M
i=0 1! i=0 1! (29)
4 6 8 10
= Clx+(32x3 +x° —2x+(x4 +—x"+—x° +x7...j
3! 41 5! 6!

Orifweset c,= (¢, —2) and c, = (€, +1) reads

4 6 8 10
y(X) = clx+c2x3 +(x4 +—x +—x +x7...)- (30)
3! 41 51 6!
Where ¢, and ¢, are constants.
To apply our approach, we use (4), to reduce the associated CEE (27) to the form
dy dy
— —4—+3y=0, (31)
dt®  dt

Then, we apply the DT as

Dy {dzy} —~ 4D, {dy} 3D, {y} =0 (32)
dt dt

Next, we use (9) and (10), to write can write the iteration formula

3

_mv(k), k=0,123,.. (33)

Y(k+2):(E%ESY(k+1)

Now, from the iteration formula (33) we can calculate
3
Y@= (1)-2Y (0),

Y(3>=§Y (1)-2r (0),
(34)
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5 13
=2y (1)==2Y (0),
Y (4) 5 (1) 5 (0)

This leads to the complementary solution as following:

v, (t) =Y (0)+Y (D)t+2Y ()t —gv(o)tz +§Y () -2 Y (0)¢ +§Y (D)t —% (O)t" +...

or

3 13 13 5
y. (t) =Y (O)(l—;t2 —2t° —gt“ +...j+Y (1)('[ +2t’ +€t3+§t4 +) (35)

Hence, if we set Y (0) =k, +k, and Y (1) =k, + 3k, in (35), then we can write

t* ot 9, 27, 8
Y () =k | 1+t+—+—+—+.. [+K, [ 1+3t+—t* + —t°+—
2! 3! 41 2! 3! 41

Where k; and k, are constants. This leads to the close form solution

y, (t) =ke' +k,e”

And hence the close form complementary solution of (27) is

Yo (X) = kX +k,x°

1, j
th+.. (36)

@37)

(38)

To find a particular solution, we apply the DT on the both sides of the CEE (27). Then by using (9-10) and

theorem (13), we can write

k(k —1)Y (k) —3KY (k) +3Y (k) = (k =1)(k —3)Y (k) = 225n4 (39)

()'

By using (39) we can conclude that Y (k) = 0when k =0,1,2,3, and for k = 4,5,6,... gives the iteration

formula
2 1
Y (k)= (40)
(k-D(k -3 (k—4)!
Next, a particular solution of (27) can be written in the form
2 1 21 2 1 2 1
Y= = =x*+ = =0+ = x4+ = x4 (41)
3 0! 81 15 21 24 3!
At the end the (38) and (41) give the general solution
21 21 2 1 2 1
y(X) = kyX + k,x° +( xS = SxP = x4 j (42)
3 0' 8 1 15 2! 24 3l

which is identical to general solution (29) found by the usual methods.

160 | African Journal of Advanced Pure and Applied Sciences (AJAPAS)



Example (3): Consider the CEE

2
2 dy
X

dy
~—3x— +13y =4+ 3x, (43)
dx dx

First, the reduced associated homogeneous equation of the CEE (43) reads

d’ d
47 413y -0, (44)

dt dt

To find the solution, we apply DT on both sides of (44). This implies

d’y {dy}
D —4D; {(—}+13D =0 (45)
T {dtz } T at T {y}

Then by using (9-10), we can find iteration formula

Y (k +z):(k;1z)v (k +1)—mv (k), k=012,... (46)

Next using (46) for K =0,1,2,.... , we can calculate

Y(2):2Y(1)—§Y(0), Y(3):§Y(1)—§Y(O), Y(4):—§Y(1)—§Y(0), (47)

Hence, the close form complementary solution of (44) can be written in the form
13 1 26 5 13
y, () =Y (0)+Y (D)t+2Y (D)t° —?Y (0)t’ +EY ()t —?Y (0)t’ _EY (t* _EY (0)t'+... (48)

or

y () =Y (0)(1—%2 —2—36t3—§t4 +...)+Y (1)(t + 2t +§t3 —Zt“ +j (49)

For simplicity, we set Y (0) =c, and Y (1) = 2c, +3c, in (49). This gives

5 23 119 3
yc(t):cl(l+2t——tz——tB——t"+...j+cz(3t +6t2+—t3—5t4+...j , (50)
2 3 24 2

Which is the Taylor series expansion of
y.(t)=ce®cos3t +ce”sin3t, (51)

Therefore, the close form complementary solution of associated homogeneous equation of (43) can be writing in
the form

Y. (x)=x?[c,cos(3Inx)+c,sin(3Inx )], (52)

For the particular solution, we apply the DT on both sides of the CEE (43) and using (9-12). This gives the
iteration formula
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Y0 =0 30

= , k=012,... (53)
k(k—1)—3k +13

Using (53), conclude that Y(Kk)=0 for k =2,3,4,...and for k=0,1, we can find that Y (0) =4/13 and
Y (1) =3/10. This leads to the particular solution

4
+

yp(X)=E

—X (54)
10
Which with (54) lead to the general solution of the CEE (43). Note that the auxiliary equation of the reduced

equation (44) leads to (51) and hence (52). Furthermore, and any analytical method, such as the variation of
parameters method or the undetermined coefficients method, will lead to the particular solution (54).

Conclusion

In this work, the DTM has been successfully applied to find the solution of the CEEs. The numerical examples
showed that our technique is powerful for solving CEEs and reduced the size of the calculations comparing with
the usually methods. This study also showed that this technique will be useful and effective for solving the
higher order Cauchy-Euler equations.
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