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Abstract:

This paper investigates the nature of geometric transformations in non-Euclidean spaces, focusing on hyperbolic
and spherical geometries. These transformations—such as translations, rotations, reflections, and conformal
mappings—differ significantly from their Euclidean counterparts due to the curvature inherent in non-Euclidean
spaces. We explore the theoretical foundations of these transformations and their practical applications in fields
such as general relativity, where space-time is modeled as a curved manifold, as well as in computer graphics,
network visualization, and navigation. Despite the challenges associated with visualization and complex
calculations, non-Euclidean transformations provide essential tools for understanding and modeling curved
spaces in both two and three dimensions. The paper also addresses current limitations and suggests future
directions for expanding the use of these transformations in advanced scientific and technological applications.

Keywords: Non-Euclidean geometry, Geometric transformations, Hyperbolic geometry, Spherical geometry,
Conformal mappings, General relativity, Computer graphics, Network visualization, Mathematical modeling.
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Introduction

In geometry, the study of transformations has been essential in understanding the relationship between
figures, shapes, and their corresponding spaces. While Euclidean transformations—such as translations,
rotations, reflections, and dilations—are well understood in flat, two-dimensional or three-dimensional
Euclidean spaces, the exploration of these transformations in non-Euclidean geometries reveals much
deeper and complex relationships. Non-Euclidean geometries, specifically hyperbolic and spherical
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geometries, deviate from the parallel postulate of Euclid and describe spaces where the rules of distance,
angle, and shape differ substantially from Euclidean intuitions.

In Euclidean geometry, a transformation preserves the distance between points. The general form of
such a transformation for two points P = (x4, y;) and Q = (x5, y,) can be expressed using the standard
distance formula:

dE(P,Q) =/ (x; = x1)2 + (2 — y1)?
This metric defines the properties of shapes, angles, and distances in flat space.

However, in Non-Euclidean geometries, such as hyperbolic and spherical spaces, transformations
follow different sets of rules due to the curvature inherent in these spaces. For example, in hyperbolic
geometry, which can be modeled using the Poincare disk, the distance between points P and Q is given
by:

< 2|P - Q|? >
dn(P,Q) = arcosh| 1 +

A=1P)A-1Q»

where arcosh\text{arcosh}arcosh is the inverse hyperbolic cosine function. Similarly, in spherical
geometry, where space is positively curved, the distance between two points on a sphere of radius R is
measured as:

dS(P,Q)=R-0,
where 0 is the central angle between the points.

Transformations in Non-Euclidean spaces involve translations, rotations, and reflections, but these
operations must account for the underlying curvature of the space. In hyperbolic geometry, geodesics
(the shortest paths between two points) replace straight lines, and transformations such as translations
occur along these geodesics. Similarly, in spherical geometry, rotations and reflections must be
performed around axes that pass through the center of the sphere, preserving the intrinsic curvature of
the space.

The motivation for studying geometric transformations in Non-Euclidean spaces comes from their wide
range of applications. In physics, particularly in the theory of general relativity, space-time is modeled
as a Non-Euclidean manifold, where the curvature of space is determined by the mass and energy
present. Understanding transformations in this context allows for the modeling of phenomena such as
gravitational lensing and the expansion of the universe. Furthermore, Non-Euclidean transformations
are critical in fields such as computer graphics, where they are used to create realistic simulations of
curved surfaces and spaces, and in navigation, where spherical geometry is employed in modeling the
Earth’s surface.

Background and Theoretical Framework

Geometry has long been governed by Euclidean principles, where shapes, distances, and
transformations follow the familiar rules laid out by Euclid. The parallel postulate plays a central role
in Euclidean geometry, stating that through a given point not on a line, exactly one line can be drawn
parallel to the original line. This postulate defines how space behaves in flat, two-dimensional and three-
dimensional spaces. Euclidean transformations, such as translations, rotations, and reflections, are
intuitive in this context, and they preserve both distances and angles, maintaining the congruence of
geometric figures.

In Euclidean space, translations are expressed as simple vector operations. For instance, a point P(x1,yi
) translated by a vector (a,b) results in the new point P'(x;+a,y+b). Similarly, a reflection across the x-
axis of a point P(x,y) can be written as:

P'(x,—y).
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This simplicity of transformations extends to distances between points, where the Euclidean distance is
calculated using the Pythagorean theorem.

Problem 1: Given two points A(1,2) and B(4,6) find the Euclidean distance between them.
Solution: The distance is found using the Euclidean distance formula:

d(A,B)=25=5

d(A,B)= J(4—-1)2+(6-2)2 =V9+16 = V25=5

This example illustrates the foundational nature of distances and transformations in Euclidean
geometry, which are based on flat space assumptions.

However, Non-Euclidean geometries such as (spherical and hyperbolic geometry) challenge these
assumptions by altering the nature of space itself. In spherical geometry, the surface of a sphere is
considered, and the concept of straight lines is replaced by great circles. These are the shortest paths
between two points on a sphere. Consequently, the sum of the angles in a triangle on a spherical surface
exceeds 1800180Mcirc1800, unlike in Euclidean geometry.

In spherical geometry, the distance between two points is not measured as a straight line but along the
curve of the sphere. The spherical distance between two points P and Q on a sphere of radius R can be
expressed as:

ds(P,Q)=R-0
where 0 is the central angle between the two points, measured in radians. This equation reveals how the

curvature of the sphere directly affects distances between points.

Problem 2: Consider two points on Earth located on the equator at longitudes 0o and 900. Assuming
Earth has a radius of approximately 6,371 kilometers, calculate the distance between these two points
along the surface of the Earth.

Solution: The angle between the two points is 6 = 90 = /2 radians. The distance along the surface is
given by:
dS(P,Q) = 6371 -2m = 10,007.5 km.

This shows how spherical geometry is applied to real-world scenarios, such as calculating distances on
the Earth’s surface.

In contrast, hyperbolic geometry is set in a space of constant negative curvature, where many lines can
be drawn parallel to a given line through a point. The Poincaré disk model is a common representation
of hyperbolic geometry, where the boundary of the disk is infinitely far from the center. The distance
between points in this model is governed by the hyperbolic metric, which grows exponentially as points
move away from the center of the disk.

In the Poincaré disk model, the distance between two points P and Q is determined by:
2|P - QI )
A-1PP) A -1Q»

This exponential nature of hyperbolic distances makes it distinct from Euclidean geometry, where
distances grow linearly.

dn(P,Q) = arcosh <1 I

Problem 3: Consider two points P(0.2,0) and Q(0.4,0)in the Poincare disk model. Calculate the
hyperbolic distance between these points.

Solution: Substituting the coordinates into the hyperbolic distance formula:
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oy e 210.4 — 0.2 _ (14 2027
u(P,Q) = arcos ( + (1-10.2]2) (1 — |0_4|2)> - areos < + (0.96) (0.84))

.08
= arcosh (1 I 0.8064) = arcosh(1.099).

Using a calculator, arcosh(1.099) = 0.313 so the hyperbolic distance is approximately 0.313 units.

These examples illustrate how hyperbolic geometry differs significantly from Euclidean and spherical
geometries, especially in terms of distances and the curvature of space. Geometric transformations, such
as translations and rotations, behave quite differently in these curved spaces. In spherical geometry,
rotations are defined around an axis through the center of the sphere, and translations occur along great
circles. In hyperbolic geometry, rotations occur around fixed points on geodesics, and translations also
follow these geodesics, which curve according to the negative curvature of the space. Moreover,
reflections (while straightforward in Euclidean geometry as flips across a line) are more complex in
Non-Euclidean spaces. In spherical geometry, reflections occur across great circles, while in hyperbolic
geometry, they happen across geodesics. These transformations are still isometries, meaning they
preserve the intrinsic distances and angles of the respective spaces.

Another important class of transformations is conformal mappings, which preserve angles but not
necessarily distances. These are critical in fields like complex analysis and physics, where angle-
preserving transformations are necessary. In hyperbolic geometry, Mobius transformations serve as
conformal mappings, allowing for the manipulation of figures while preserving their angular
relationships, even though distances may be distorted.

The transition from Euclidean to Non-Euclidean geometries has profound implications beyond
mathematics. In general relativity, the geometry of space-time is modeled as a curved Non-Euclidean
manifold, where mass and energy influence the curvature of space. Understanding geometric
transformations in these curved spaces is crucial for explaining phenomena such as gravitational
lensing, where the path of light bends around massive objects, and the expansion of the universe.
Hyperbolic and spherical geometries thus provide essential tools for modeling these complex real-world
phenomena, highlighting the far-reaching applications of geometric transformations.

Geometric Transformations in Non-Euclidean Spaces

Geometric transformations are the foundation of understanding how shapes and objects behave when
moved or altered within a given space. In Euclidean geometry, transformations such as translations,
rotations, reflections, and dilations preserve fundamental properties like distances and angles, making
them isometries. However, in Non-Euclidean geometries, these transformations must be redefined to
account for the curvature of the space, whether it is positive (spherical geometry) or negative
(hyperbolic geometry).

In spherical geometry, the transformations mirror many of the same operations as in Euclidean space
but are adapted to the curvature of the sphere. A fundamental transformation in spherical geometry is
rotation. Unlike in Euclidean space, where rotations occur around a fixed point, in spherical geometry,
rotations happen around an axis passing through the center of the sphere. For example, if we imagine
Earth as a sphere, rotating around its axis would correspond to rotating a point along the surface of the
sphere. The key distinction here is that angles between paths on the sphere are preserved, but distances
follow curved paths along great circles.

For example, consider two points on the surface of the Earth, A and B, located on different longitudes.
Rotating the Earth around its axis through the poles moves these points along latitudinal lines, following
great circles. The path that a point follows under this rotation is a geodesic (a curve that represents the
shortest distance between two points on a curved surface, such as the arc of a great circle).

Similarly, translations in spherical geometry also differ from those in Euclidean geometry. Instead of
shifting every point in space in a straight line, translations in spherical geometry move points along
great circles. Mathematically, translating a point along a great circle can be expressed in terms of
spherical coordinates, where the longitude and latitude of the point are adjusted by a given amount. The
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resulting movement still preserves the relative distance between points, but these distances are measured
along the curved surface of the sphere rather than straight Euclidean lines.

Problem 4: Consider a point A at the coordinates (0o latitude,0c longitude) on Earth. If the point is
translated 90 degrees along the equator (a great circle), where does it end up?

Solution: The point starts at the prime meridian. Translating it by 90 degrees along the equator means
shifting its longitude by 90 degrees while keeping the latitude constant. The new coordinates will be
(0o latitude,900 longitude) placing it at the intersection of the equator and the 90-degree east meridian.

In contrast to spherical geometry, hyperbolic geometry involves transformations that occur in a space
of constant negative curvature. Here, translations and rotations take on a different form due to the
exponential nature of hyperbolic distances. In the Poincare disk model of hyperbolic geometry,
translations are performed along geodesics, which curve away from the center of the disk. These
translations are not straight lines, as in Euclidean space, but follow the curved paths dictated by the
hyperbolic metric.

One important class of transformations in hyperbolic geometry is the Mobius transformation, which
serves as both a translation and a conformal mapping (an angle-preserving transformation). Mdbius
transformations are often written in the form:

az +b

cz+d

f(2) =

where z is a complex number, and a, b, ¢, and d are complex constants with ad — bc # 0. These
transformations preserve angles but distort distances, making them useful for manipulating hyperbolic
shapes while maintaining their angular structure. In fact, Mobius transformations are isometries in the
context of hyperbolic geometry, preserving the hyperbolic distance between points while transforming
them in a way that reflects the curvature of the space.

Problem 5: Apply the Mobius transformation f(z)= % to the point z=1

Solution: Substituting z = 1 into the Mobius transformation:

1) = 1+2 3
=133
Thus, the transformed point is %.

While translations and rotations are common in both Euclidean and Non-Euclidean geometries,
reflections offer another perspective on transformations in curved spaces. In Euclidean geometry, a
reflection across a line flips a figure across the axis of symmetry, preserving distances and angles. This
operation is straightforward in flat space, where the reflecting line divides the space symmetrically.
However, in hyperbolic and spherical geometries, reflections become more intricate. In spherical
geometry, reflections occur across great circles, and the reflected points trace arcs along the surface of
the sphere. Similarly, in hyperbolic geometry, reflections happen across geodesics, with the reflection
distorting space according to the hyperbolic metric.

Another significant transformation common to both Euclidean and Non-Euclidean spaces is conformal
mapping. In Euclidean geometry, conformal maps preserve angles between intersecting curves but not
necessarily distances. These maps are essential in fields like complex analysis and physics, particularly
in the study of electromagnetism and fluid dynamics. In hyperbolic geometry, Mobius transformations
also act as conformal mappings, allowing for complex transformations of shapes that preserve their
angular properties while warping distances. Conformal mappings are particularly important when
studying the behavior of shapes in curved spaces, as they provide a way to manipulate the geometry of
an object while retaining its local structure.

Problem 6: Prove that Mobius transformations are conformal mappings in hyperbolic geometry.
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Solution: To prove that Mobius transformations are conformal, we need to show that they preserve

az+b .
can be written as a

angles between intersecting curves. A Mobius transformation f(z) = p—

composition of simpler transformations: translations, dilations, rotations, and inversions. Each of these
simpler transformations is known to be conformal. Since the composition of conformal mappings is
also conformal, Mobius transformations must be conformal, preserving angles between curves.

These transformations are not just abstract mathematical exercises. They are applied in fields as diverse
as physics, computer graphics, and cosmology. For example, in general relativity, the space-time fabric
is modeled as a Non-Euclidean manifold, where transformations are essential to understanding
phenomena like the bending of light around massive objects (gravitational lensing) or the expanding
universe. The ability to apply spherical and hyperbolic transformations allows scientists to model
complex behaviors of the universe on a large scale.

In computer graphics, Non-Euclidean transformations are used to create realistic representations of
curved surfaces. Virtual reality environments, for instance, often employ spherical geometry to simulate
a three-dimensional space that appears immersive. Hyperbolic geometry finds applications in
visualizing large, complex networks, such as the Internet, where exponential growth patterns make
hyperbolic space an ideal representation for visualizing connections and distances.

Applications of Geometric Transformations in Non-Euclidean Spaces

Geometric transformations in Non-Euclidean spaces have far-reaching applications in a wide range of
fields. From the abstract realms of theoretical mathematics to practical implementations in physics and
computer science, these transformations enable a deeper understanding of complex structures and
behaviors in both natural and artificial systems.

In Einstein's theory, space-time is modeled as a four-dimensional Non-Euclidean manifold where the
curvature is determined by the distribution of mass and energy. Geometric transformations in this
context are critical for understanding how mass distorts the fabric of space-time, leading to phenomena
such as gravitational lensing. When a massive object, like a galaxy or black hole, bends light passing
near it, the paths of the light rays can be understood as geodesics in curved space-time. The
transformation of these light paths reveals how Non-Euclidean geometry governs the behavior of light
in the universe.

Problem 7: Consider a light ray passing near a massive object like a star. Using the principles of general
relativity, explain how the path of the light ray is affected by the mass of the object.

Solution: According to general relativity, the mass of the star curves the space-time around it. The light
ray, which would normally travel in a straight line, instead follows a curved geodesic around the star.
This bending of the light ray is a direct consequence of the transformation of space-time due to the star’s
mass. The more massive the object, the greater the curvature, and the more pronounced the bending of
the light.

Beyond physics, Non-Euclidean transformations have also found applications in computer graphics and
visualization. In computer-generated environments, especially in fields such as virtual reality (VR) and
3D modeling, accurate representations of curved surfaces are essential for creating immersive
experiences. Spherical geometry, for instance, is used to map three-dimensional objects onto two-
dimensional screens. This process, known as spherical projection, relies on transformations that
preserve the angles and relative distances between points on the surface of a sphere.

Consider the example of panoramic images or VR environments, where the viewer can look around in
all directions. These visualizations are constructed by applying spherical geometric transformations to
map the viewer’s perspective onto the surface of a virtual sphere. As the viewer moves or turns their
head, the transformations simulate the experience of being immersed in a continuous, curved space.

In addition to spherical transformations, hyperbolic geometry has become increasingly relevant in
network visualization. Large-scale networks, such as the Internet or social media graphs, grow
exponentially in size, which makes Euclidean representations inefficient and cluttered. Hyperbolic
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geometry, with its exponential growth properties, is particularly well-suited to visualizing these vast,
complex networks. By mapping nodes and connections into hyperbolic space, network visualizations
become more manageable and intuitive, allowing users to zoom in and out of network regions while
maintaining a coherent view of the entire structure.

Problem 8: Imagine a network with nodes growing exponentially as you move outward from a central
point. Why is hyperbolic geometry an ideal model for visualizing this network, and how do
transformations help in this visualization?

Solution: In hyperbolic geometry, space expands exponentially as you move outward from the center,
which mirrors the structure of large-scale networks. Hyperbolic transformations allow us to map these
exponentially growing nodes into a space where distances between them are preserved relative to their
connectivity, rather than their absolute position. This makes it easier to visualize the entire network
while maintaining clarity in the local structure.

Another practical application of Non-Euclidean transformations is found in navigation. Spherical
geometry has long been essential for geodesy, the science of measuring and understanding the Earth's
shape. Since the Earth is approximately a sphere, calculations of the shortest distance between two
points on its surface involve transformations along great circles. These great circles represent the most
efficient routes for air and sea travel, which explains why navigation systems rely heavily on spherical
geometry.

Problem 9: A flight from London to New York follows a great circle route. Explain why this path is the
shortest distance between the two cities, and calculate the approximate distance assuming the Earth’s
radius is 6,371 km and the central angle between London and New York is 53 degrees.

Solution: The shortest distance between two points on a sphere is along the arc of a great circle. The
distance between London and New York along this great circle is given by:

53w

180 ~ 5,899 km.

d=R-0=6371-(
This demonstrates how spherical geometry is used in practical navigation to calculate the shortest travel
routes across the Earth’s surface. In addition to these applications, Non-Euclidean transformations play
a key role in topology and knot theory, where they are used to analyze the behavior of surfaces and
curves in different types of spaces. Hyperbolic geometry, in particular, has been instrumental in
classifying three-dimensional manifolds, helping topologists understand the properties of surfaces that
extend beyond the limitations of Euclidean space. Moreover, cosmology also benefits from Non-
Euclidean geometric transformations, particularly in the study of the universe’s shape and structure.
Models of the universe often rely on hyperbolic or spherical geometry to describe its large-scale
structure. For instance, the concept of a hyperbolic universe, in which space-time has negative
curvature, is one possible model used to explain the observed expansion of the universe. In this model,
the distances between objects increase exponentially over time, and understanding the transformations
that govern this behavior is critical for interpreting cosmological data.

Problem 10: In a hyperbolic universe model, how does the expansion of space affect the distance
between two objects over time?

Solution: In a hyperbolic universe, space expands exponentially. This means that the distance between
two objects increases more rapidly as time progresses. Hyperbolic transformations reflect this
exponential growth, as the curvature of space stretches the geodesics that connect objects. As a result,
objects that are farther apart experience a more significant increase in distance over time than objects
that are closer together.

Challenges and Limitations in Applying Geometric Transformations in Non-Euclidean Spaces

While geometric transformations in Non-Euclidean spaces offer powerful tools for understanding
complex structures, they also present a number of challenges and limitations. These difficulties arise
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both from the inherent properties of Non-Euclidean geometries and from the practical issues
encountered when applying these transformations to real-world problems.

In Euclidean geometry, transformations are easy to visualize because we intuitively understand the
behavior of shapes, distances, and angles in flat space. However, Non-Euclidean geometries,
particularly hyperbolic spaces, are much harder to visualize due to their curved nature. Hyperbolic
space, for instance, grows exponentially as one moves away from a central point, and its infinite
boundary is difficult to conceptualize in a finite way. While models like the Poincare disk or the upper
half-plane can help provide some visual representation, they cannot fully capture the infinite expanses
and complex behaviors of hyperbolic geometry. Even spherical geometry, though somewhat more
intuitive due to our experience with curved surfaces like the Earth, presents difficulties when trying to
apply transformations on a large scale.

Problem 11: Consider a triangle drawn on a Poincare disk in hyperbolic geometry. While the angles of
the triangle appear to follow the rules of Euclidean geometry, explain why the sum of the angles is
actually less than 1800180"\circ180o.

Solution: In hyperbolic geometry, the sum of the angles of a triangle is always less than 1800, unlike in
Euclidean geometry. This occurs because the space is negatively curved, meaning that the interior
angles of the triangle are “pushed outward” along the curved geodesics. In the Poincare disk model,
while the edges of the triangle may appear to be straight lines, they are actually curved, and this
curvature causes the angles to sum to less than 1800,

Another significant challenge is the complexity of calculations in Non-Euclidean spaces. In Euclidean
geometry, the simplicity of the distance formula and the behavior of straight lines make many problems
relatively straightforward to solve. In contrast, both hyperbolic and spherical geometries require more
advanced mathematical tools to calculate distances, angles, and areas. For example, in spherical
geometry, calculating the shortest path between two points involves understanding geodesics on a
curved surface, which is far more complicated than simply applying the Pythagorean theorem.
Similarly, in hyperbolic geometry, the exponential nature of distances means that even simple
transformations like translations or rotations can require complex calculations using hyperbolic
trigonometric functions or Mobius transformations.

Problem 12: Calculate the hyperbolic distance between two points P(0.5,0) and Q(0.75,0) in the
Poincare disk model using the hyperbolic distance formula.

Solution: Using the hyperbolic distance formula:

dpn(P Q)—arcosh<1+ 2P — Q" )
T A-1PH [ -1QP

we substitute P=0.5 and Q = 0.75:

oy e 2(0.75-05)% \ _ n(1 2(0.25)
u(P,Q) = arcos < tacosy - 0.752)> — areos ( * 075 (0.4375))

= arcosh(1.285).

Using a calculator, arcosh(1.285) = 0.778, so the hyperbolic distance is approximately 0.778 units. This
calculation shows the complexity involved in even basic distance measurements in hyperbolic geometry
compared to Euclidean spaces.

A further complication arises when dealing with higher dimensions. While transformations in two-
dimensional Non-Euclidean spaces, such as the Poincaré disk or the surface of a sphere, are reasonably
well understood, extending these transformations to higher dimensions adds layers of complexity. In
three-dimensional hyperbolic or spherical spaces, for example, geodesics are not just curves but
surfaces, and the transformations must account for these additional degrees of freedom. In fields like
topology and cosmology, researchers often study Non-Euclidean spaces in higher dimensions to model
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the shape and structure of the universe or to classify surfaces. However, these higher-dimensional
models are inherently more difficult to work with, both from a computational and conceptual standpoint.

Problem 13: Consider a three-dimensional hyperbolic space. Explain why visualizing a geodesic in this
space is more difficult than visualizing a geodesic in two-dimensional hyperbolic geometry.

Solution: In two-dimensional hyperbolic geometry, a geodesic is a curve that represents the shortest
distance between two points, which can be visualized on models like the Poincaré¢ disk. However, in
three-dimensional hyperbolic space, a geodesic is not just a curve but a surface that follows the shortest
path in a curved three-dimensional volume. Visualizing this surface is much more difficult because it
involves understanding how hyperbolic curvature behaves in multiple directions, and it can no longer
be represented by simple models like the Poincaré disk.

Another limitation is the difficulty in applying Non-Euclidean transformations in practical systems.
While these transformations have theoretical applications in physics, computer graphics, and
navigation, implementing them in practical systems is often computationally intensive. For example, in
computer graphics, mapping textures onto spherical or hyperbolic surfaces requires sophisticated
algorithms that can handle the distortion introduced by the curved space. In navigation, calculating the
shortest path between two points on a spherical Earth requires the use of spherical trigonometry, which
can be challenging for real-time systems like GPS. Similarly, applying hyperbolic transformations to
network visualizations involves complex calculations that are not as intuitive or efficient as their
Euclidean counterparts. Moreover, real-world inaccuracies in data and measurements can further
complicate the application of Non-Euclidean transformations. For example, in navigation or mapping
systems, small errors in measuring angles or distances can lead to significant distortions when these
values are used in curved spaces. Since transformations in Non-Euclidean spaces often rely on precise
measurements of curvature, even minor inaccuracies can lead to disproportionately large errors in the
final result.

Conclusion

Geometric transformations in Non-Euclidean spaces, specifically hyperbolic and spherical geometries,
offer significant insights into both theoretical and practical applications. Unlike in Euclidean geometry,
these transformations account for the curvature of space, leading to novel behaviors in distances, angles,
and parallelism. The study of these transformations is crucial in fields such as general relativity, where
the curvature of space-time shapes the universe, and in computer graphics and network visualization,
where complex curved structures are modeled and analyzed. While Non-Euclidean transformations
bring powerful tools for solving problems in diverse domains, they also introduce challenges in terms
of visualization, computation, and the complexity of higher-dimensional spaces. Overcoming these
difficulties requires advanced mathematical techniques and growing computational capabilities. Despite
these obstacles, the future of Non-Euclidean geometry promises exciting advancements, particularly in
areas like quantum computing, cosmology, and scientific modeling.
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